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Abstract
In this paper, we study the convergence of Calabi-Yau manifolds under
Ka¨hler degeneration to orbifold singularities and complex degeneration
to canonical singularities (including the conifold singularities), and the
collapsing of a family of Calabi-Yau manifolds.
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1 Introduction
A Calabi-Yau n-manifold is a complex projective manifoldM of complex dimen-
sion n with trivial canonical bundle KM . The study of Calabi-Yau manifolds is
important in both mathematics and physics (c.f. [59]). On a Calabi-Yau mani-
fold, the set KM of Ka¨hler classes forms an open cone of H
1,1(M,R), which is
called Ka¨hler cone. By Yau’s theorem on the Calabi conjecture ([56]), for any
Ka¨hler class α ∈ H1,1(M,R), there exists a unique Ricci-flat Ka¨hler metric g
on M with Ka¨hler form ω ∈ α. A natural question is to study how a family of
Calabi-Yau manifolds (Mk, gk, ωk) with Ricci-flat Ka¨hler metrics and the same
underlying differential manifold M converges. There are several motivations to
study this question:
(i) On a compact Calabi-Yau manifold, Yau’s theorem shows the existence
of Ricci-flat Ka¨hler metrics. However, very few of them can be written
down explicitly, except for some very special cases, such as the flat torus.
It is desirable to improve our knowledge of Ricci-flat Ka¨hler metrics on a
compact Calabi-Yau manifold, for example what the manifold with these
metrics looks like. Understanding the convergence of Calabi-Yau metrics
will help us to achieve this understanding.
(ii) In mirror symmetry, SYZ conjecture [[53]] predicts that there is a special
Lagrangian fibration on a Calabi-Yau manifold if it is close enough to
the large complex limit. In [30] and [39], this conjecture was refined by
using the Gromov-Hausdorff convergence of a family of Ricci-flat Ka¨hler
metrics.
(iii) The conifold transition (or more general geometric transition) provides a
way to connect Calabi-Yau threefolds with different topology in algebraic
geometry (c.f. [47]). Furthermore, it was conjectured by physicists that
this process is continuous in the space of all Ricci-flat Ka¨hler threefolds
in [9]. Therefore it is important and interesting to study how Calabi-Yau
metrics change in this process.
Let MM denote the space of Ricci-flat Calabi-Yau n-manifolds with the
same underly differential manifold M . By Yau’s theorem, there are two natural
parameters on MM : one is the complex structure, and the other is the Ka¨hler
class. It is studied in algebraic geometry how a family of Calabi-Yau n-manifolds
degenerates when their complex structures approach the boundary of the space
of complex structures (respectively their Ka¨hler classes approach the boundary
of Ka¨hler cone while fixing a complex structure). Usually, a family of Calabi-
Yau manifolds degenerate into a singular projective variety in some suitable
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sense. In [16], [15] and [12], the convergence of Ricci-flat Ka¨hler manifolds in
the Gromov-Hausdorff topology was studied without any assumptions on com-
plex structures and Ka¨hler classes. It is shown that the limits are path metric
spaces in this case. A natural question is, if we know how a family of Calabi-Yau
manifolds degenerates in the algebraic geometry sense, what can we say about
their convergence in the Gromov-Hausdorff topology? Of course, more knowl-
edge about the limit is expected. For example, what is the relationship between
the singular projective variety obtained from the degeneration in algebraic ge-
ometry and the metric space obtained from the Gromov-Hausdorff convergence?
For K3 surfaces, this question was studied in [2], [36] and [30]. If (N, g) is
a Ricci-flat K3 orbifold, it was shown in [36] that there is a family of Ricci-flat
Ka¨hler metrics gk on the crepent resolutionM of N such that (M, gk) converges
to (N, g). Then, by using the hyper-Ka¨hler rotation, [36] proved that a fam-
ily of Ricci-flat Ka¨hler K3 surfaces (Mk, gk) converges to (N, g), where Mk are
obtained by a smoothing of N , i.e. there is a complex 3-manifold M, and a
holomorphic map π : M → ∆ ⊂ C such that N = π−1(0) and Mk = π−1(tk)
for a family {tk} ⊂ ∆ with tk → 0. In this paper, we generalize these results to
higher dimensional Calabi-Yau manifolds.
A Calabi-Yau n-variety is a normal Gorenstein projective variety N of di-
mensional n admitting only canonical singularities, such that the dualizing sheaf
KN of N is trivial, (i.e. KN ≃ ON ,) and H2(N,ON ) = {0}. (M,π) is called a
resolution of N , if M is a compact complex n-manifold, and π :M → N is a bi-
rational proper morphism such that π : M\π−1(S) → N\S is bi-holomorphic,
where S is the singular set of N . The resolution is called crepant if π∗KN = KM ,
i.e. M is a compact Calabi-Yau n-manifold in our case. There are analogous
notions of Ka¨hler metrics, Ka¨hler forms, smooth Ka¨hler forms and holomor-
phic volume forms on N (see Section 2 for details). If PHN denotes the sheaf
of pluri-harmonic functions on N , any Ka¨hler form ω represents a class [ω]
in H1(N,PHN ) (c.f. Section 5.2 in [22]). In [22], it is proved that, for any
α ∈ H1(N,PHN ) which can be represented by a smooth Ka¨hler form, there
is a unique Ricci-flat Ka¨hler metric g with Ka¨hler form ω ∈ α. If N admits a
crepant resolution (M,π), and αk ∈ H1,1(M,R) is a family of Ka¨hler classes
such that limk→∞ αk = π∗α, in [55] it is proved that gk converges to π∗g in the
C∞-sense on any compact subset of M\π−1(S) when k → ∞, where gk is the
unique Ricci-flat Ka¨hler metric with Ka¨hler form ωk ∈ αk. The first goal of the
present paper is to study the convergence of (M, gk) in the Gromov-Hausdorff
topology.
Theorem 1.1 Let N be a Calabi-Yau n-variety which admits a crepant res-
olution (M,π), α ∈ H1(N,PHN ) be a class represented by a smooth Ka¨hler
form on N , and g be the unique singular Ricci-flat Ka¨hler metric with Ka¨hler
form ω ∈ α. Assume that the path metric structure of (N\S, g) extends to a
path metric structure dN on N such that the Hausdorff dimension of S satisfies
3
dimH S ≤ 2n− 4, where S is the singular set of N , and N\S is geodesic convex
in (N, dN ), i.e. for any x, y ∈ N\S, there is a minimal geodesic γ ⊂ N\S con-
necting x and y satisfying lengthg(γ) = dN (x, y). If gk is a family of Ricci-flat
Ka¨hler metrics on M with Ka¨hler forms ωk such that [ωk]→ π∗α in H1,1(M,R)
when k →∞, then
lim
k→∞
dGH((M, gk), (N, dN )) = 0,
where dGH denotes the Gromov-Hausdorff distance.
As application we use the above theorem on calabi-Yau orbifolds. A projec-
tive n-orbifold is a normal projective n-variety with only quotient singularities,
i.e. for any singular point p, there is a neighborhood Up of p, a neighborhood V
of 0 ∈ Cn, and a finite group Γp ⊂ GL(n,C) such that Up is bi-holomorphic to
V/Γp. A Calabi-Yau n-orbifold is a projective orbifold N of dimension n with
the following properties: H2(N,ON ) = {0}, N admits orbifold Ka¨hler metrics,
all of the orbifold groups are finite subgroups of SU(n), and the canonical bun-
dle KN of N is trivial. A Calabi-Yau orbifold N is a Calabi-Yau variety in the
above sense (see Section 2 for details). By the same arguments as Yau’s proof
of the Calabi conjecture, for any Ka¨hler class α ∈ H1,1(N,R) on a Calabi-Yau
orbifold N , there exists a unique orbifold Ricci-flat Ka¨hler metric g on N with
Ka¨hler form ω ∈ α ([56] and [35]). In [40], it is proved that there exists a
family of Ricci-flat Ka¨hler metrics gk on M¯ such that {(M¯, gk)} converges to
(T 6/Z3, h) in the Gromov-Hausdorff topology, where T
6 = C3/(Z3 +
√−1Z3),
h is the flat metric on T 6/Z3, and M¯ is a crepant resolution of T
6/Z3. For
general case, as a corollary of Theorem 1.1, we obtain:
Corollary 1.1 Let N be a compact Calabi-Yau n-orbifold, which admits a crepant
resolution (M,π), and g be a Ricci-flat Ka¨hler metric on N with Ka¨hler form
ω. If gk is a family of Ricci-flat Ka¨hler metrics on M with Ka¨hler forms ωk
such that Ka¨hler classes [ωk] converge to π
∗[ω] in H1,1(M,R) as k →∞, then
lim
k→∞
dGH((M, gk), (N, g)) = 0,
where dGH denotes the Gromov-Hausdorff distance.
This shows that we can find Ricci-flat Ka¨hler metrics gk on M such that
the shape of these Ricci-flat manifolds (M, gk) look like the Ricci-flat orbifold
(N, g) as close as we want.
The second goal is to study the convergence of Calabi-Yau manifolds ob-
tained from a smoothing of a Calabi-Yau variety. LetM0 be a normal projective
Calabi-Yau n-variety. Assume that M0 admits a smoothing π :M→ ∆ in CPN
over the unit disc ∆ = {t ∈ C||t| < 1}, i.e. M ⊂ CPN × ∆ is an irreducible
closed subvariety, π is the restriction of the projection from CPN × ∆ to ∆,
M0 = π
−1(0), and for t 6= 0, Mt = π−1(t) is a smooth projective n-manifold,
where π−1(t) for t ∈ ∆ denote the scheme theoretical fibres. We also assume
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that the dualizing sheaf KM ∼= OM. Let Ω = ΩM denote the correspond-
ing trivializing section of KM. By the adjunction formula (c.f. [25]), we have
KMt = KM ⊗ [Mt]|Mt ∼= OMt . The corresponding trivializing section can be
expressed locally as Ωt = ΩMt = (ı ∂
∂t
Ω)|Mt . For any t 6= 0, Mt is a projec-
tive n-manifold with trivial canonical bundle KMt . Ω and Ωt define the volume
forms
dµ = dµM = (−1)
(n+1)2
2 Ω ∧ Ω and dµt = dµMt = (−1)
n2
2 Ωt ∧Ωt
on M and Mt. In particular, we use ΩCn to denote the standard Calabi-Yau
form on Cn with the corresponding volume form dµCn = (−1)n
2
2 ΩCn ∧ ΩCn .
In our discussion, we would need the technical condition that M is locally
homogeneous, which would include the case that M is smooth or with isolated
homogeneous singularities (see §3.3 for details). We believe, all our results
should still be true with this technical condition removed.
Roughly speaking, we say (M, π) is locally quasi-homogeneous, if for any
p ∈ M0, there exist an open neighborhood U ⊂ M with a local embedding
(U, p)→ (Cm, 0), and a weight vector w = (w1, · · · , wm), where wi are positive
integers, such that (U, π|U ) is w-homogeneous under the standard C∗-action on
Cm of weight w. In particular, (M, π) is locally homogeneous if all wi = 1. For
technical reason, our precise definition would require slightly stronger condition
on U (see §3.3 for details).
t = π(z) can be viewed as a holomorphic function on M. The standard
Ka¨hler metric on CPN × ∆ restricts to a Ka¨hler metric on M. V = − ∇|t||∇|t||2
defines a horizontal vector field on M\M0 such that π∗V is the inward radial
unit vector field on ∆. V generates a family φt,a : Mt → Mat for a ∈ (0, 1] of
symplectomorphisms. It is straightforward to see that φt,a can be extended to
φt,0 :Mt →M0 that is symplectomorphism overM0\S. This construction gives
us a smooth embedding F : (M0 \ S)×∆→M, F (x, t) = Ft(x) := φ−1t,0 (x) for
x ∈ M0 \ S and t ∈ ∆. (For our discussion, we would not need the symplectic
property of F .)
By [22], for any smooth Ka¨hler form ω0 on M0, there is a unique singular
Ricci-flat Ka¨hler metric g˜0 on M0 with Ka¨hler form ω˜0 such that ω˜0 ∈ [ω0] ∈
H1(M0,PHM0). Furthermore, g˜0 is a smooth Ricci-flat Ka¨hler metric onM0\S.
Conjecture 1.1 Let M0 be a projective Calabi-Yau n-variety, and S be the
singular points of M0. Assume that M0 admits a smoothing π : M → ∆ in
CP
N over the unit disc ∆ ⊂ C such that the dualizing sheaf KM of M is trivial.
For any smooth Ka¨hler form ω on M and any t ∈ ∆\{0}, let g˜t be the unique
Ricci-flat Ka¨hler metric on Mt = π
−1(t) with its Ka¨hler form ω˜t ∈ [ω|Mt ] ∈
H1,1(Mt,R). Then for any sequence {tk} ⊂ ∆ with tk → 0 such that, for any
smooth embedding F : M0\S × ∆ → M satisfying that F (M0\S × {t}) ⊂ Mt
and F |M0\S×{0} = Id :M0\S →M0\S is the identity map, we have
F |∗M0\S×{tk}g˜tk → g˜0, and F |∗M0\S×{tk}ω˜tk → ω˜0
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in the C∞-sense on any compact subset K ⊂M0\S, where g˜0 is the unique sin-
gular Ricci-flat Ka¨hler metric onM0 with Ka¨hler form ω˜0 ∈ [ω|M0 ] ∈ H1(M0,PHM0).
Furthermore, the diameters of (Mtk , g˜tk) have a uniformly upper bound, i.e.
diamg˜tk (Mtk) ≤ C¯,
for a constant C¯ > 0 independent of k.
We will prove this conjecture under a technical condition (related to the log
canonical threshold) on the smoothing that we believe is always satisfied for the
smoothing considered in conjecture 1.1. We are able to verify this condition
under quite general circumstances, therefore proving the conjecture in these
cases. We say a smoothing π : M → ∆ satisfies condition (1.1) for Λ ⊂ ∆
if for any x0 ∈ M0, there exist r, c1, C1 > 0 and a holomorphic map p : U =
Br(x0,M) → B1(0) ⊂ Cn that restricts to a finite branched covering p : Mt ∩
U → B1(0) for all t ∈ ∆, and∫
U∩Mt
|f |−2c1(−1)n
2
2 Ωt ∧Ωt ≤ C1, where fΩt = p∗ΩCn for t ∈ Λ.(1.1)
Theorem 1.2 The conjecture 1.1 is true if we assume that the smoothing π :
M→ ∆ satisfies condition (1.1) for Λ = ∆.
Remark: For any specific example, it is usually fairly straightforward to con-
struct p and compute the explicit integral in (1.1) to verify the condition (1.1).
(For example, the verification of the condition (1.1) is a rather simple exercise
in the conifold case.) One may even attempt to use computer to make such ver-
ification. Therefore, Theorem 1.2 can be adequately employed in proving the
conjecture 1.1 for any specific smoothing. The difficulty lies in the verification
of the condition (1.1) in full generality, especially when M is singular. ✷
In general, we can prove a slightly weaker version of conjecture 1.1.
Theorem 1.3 The conjecture 1.1 is true if we assume that M is locally homo-
geneous (including whenM is smooth) and replace “for any sequence {tk} ⊂ C”
by “there exists a sequence {tk} ⊂ C”.
If we further assume that π possesses some local homogeneous property, the
stronger version of the conjecture 1.1 can be proved. We say (M, π) satisfies
the condition (1.2) if either (i) M and π are locally homogeneous, or (ii) M is
smooth and π is locally quasi-homogeneous.
Theorem 1.4 The conjecture 1.1 is true if (M, π) satisfies the condition (1.2).
Remark: It would be clear from our proof that our method also applies to
more singular M, (especially when M is locally quasi-homogeneous, where the
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condition (1.2) becomes “M and π are locally quasi-homogeneous”). To demon-
strate our method more clearly and avoid unnecessary complications, we would
restrict ourself to the case when M is locally homogeneous (including M being
smooth) in this paper. ✷
Now, we consider Calabi-Yau varieties with “generic” singularities — the
ordinary double points. Let M0 be a projective n-variety with only finite many
ordinary double points S = {pα} as singular points, i.e. for any pα ∈ S, the
singularity of M0 is given by
{z21 + · · ·+ z2n+1 = 0} ⊂ Cn+1.
Note that ordinary double points are not orbifold singularities when n ≥ 3. We
call M0 a Calabi-Yau n-conifold, if M0 is a Calabi-Yau n-variety. Assume that
the Calabi-Yau n-conifold M0 admits a crepant resolution (Mˆ, πˆ), and there is
a smoothing of M0 to a Calabi-Yau manifold M . The process of going from
Mˆ to M is called conifold transition. Conifolds and conifold transition appear
in the literature frequently both in mathematics and in physics (c.f. [47] [54]).
In mathematics, it is related to the famous Reid’s fantasy, which conjectured
that all of Calabi-Yau threefolds are connected to each other in some sense, and
form a huge connected web (c.f. [45] [47]). Furthermore, in physics, the conifold
transition provides a way to connect topologically distinct space-times in string
theory (c.f. [9] [1] [10] [26] [47]). In [9], it is conjectured that there exists a
family of Ricci-flat Ka¨hler metrics gˆs, s ∈ (0, 1), on Mˆ , and a family of Ricci-
flat Ka¨hler metrics gs, s ∈ (0, 1), on M , which correspond to different complex
structures, satisfying that {(Mˆ, gˆs)} and {(M, gs)} converge to the same limit
in a suitable sense (for example, the Gromov-Hausdorff topology), when s→ 0.
This conjecture was verified in [9] by assumingM0 is the standard non-compact
quadric cone, i.e. M0 = {(z1, · · · , z4) ∈ C4|z21 + · · · + z24 = 0}. In the compact
case, it is implied by [55] that there exists a family of Ricci-flat Ka¨hler metrics
gˆs on Mˆ converging to a Ricci-flat Ka¨hler metric g on any compact subset of
the smooth part of M0. The next result will show the convergence of gs on M .
Actually, since the conifold singularity is isolated homogeneous singularity, it is
a corollary of theorem 1.4. We will also provide a direct proof of this result in
section 5.
Corollary 1.2 Let M0 be a projective Calabi-Yau n-conifold, then the conjec-
ture 1.1 is true.
We have an analogy of Theorem 1.1.
Corollary 1.3 Let M0 be a projective Calabi-Yau n-variety, and S be the sin-
gular points of M0. Assume that M0 admits a smoothing π : M → ∆ in
CPN over the unit disc ∆ ⊂ C such that the canonical bundle KM of M is
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trivial. For any smooth Ka¨hler form ω on M and any t ∈ ∆\{0}, let g˜t
be the unique Ricci-flat Ka¨hler metric on Mt = π
−1(t) with its Ka¨hler form
ω˜t ∈ [ω|Mt ] ∈ H1,1(Mt,R), and g˜0 is the unique singular Ricci-flat Ka¨hler met-
ric on M0 with Ka¨hler form ω˜0 ∈ [ω|M0 ] ∈ H1(M0,PHM0). Assume that the
path metric structure of (M0\S, g˜0) extends to a path metric structure dM0 on
M0 such that the Hausdorff dimension of S satisfies dimH S ≤ 2n−4, and M0\S
is geodesic convex in (M0, dM0), i.e. for any x, y ∈ M0\S, there is a minimal
geodesic γ ⊂M0\S connecting x and y satisfying lengthg˜0(γ) = dM0(x, y). Then
there exists a sequence {tk} ⊂ C with tk → 0 such that
lim
k→∞
dGH((Mtk , gtk), (M0, dM0)) = 0.
Furthermore, it holds for any sequence {tk} ⊂ C with tk → 0, if M0 is a Calabi-
Yau conifold.
Finally, we apply Corollary 1.1 to study the collapsing of Calabi-Yau mani-
folds. For constructing mirror manifolds, the famous SYZ conjecture says that
there is a special lagrangian fibration on a Calabi-Yau manifold if it closes to
the large complex limit enough (c.f. [53]). In [29], special lagrangian fibrations
are constructed on some Calabi-Yau threefolds of Borcea-Voisin type with de-
generated Ricci-flat Ka¨hler metrics. In [30] and [39], this conjecture was refined
to the following form: Let M0 be a projective n-variety (actually always re-
ducible in this case), and π :M→ ∆ be a smoothing in CPN over the unit disc
∆ ⊂ C such that the canonical bundle KM of M is trivial. For any smooth
Ka¨hler form ω on M and any t ∈ ∆\{0}, let g˜t be the unique Ricci-flat Ka¨hler
metric on Mt = π
−1(t) with its Ka¨hler form ω˜t ∈ [ω|Mt ] ∈ H1,1(Mt,R), and
g¯t = diam
−2
g˜t
(M)g˜t. If 0 ∈ ∆ is a large complex limit point of the deformation
moduli of Mt, then (Mt, g¯t) converges to a compact metric space (B, dB) when
t → 0, where B is homeomorphic to Sn, and dB is induced by a Riemannian
metric gB on B\Π with a set Π ⊂ B of codimension 2. Furthermore, B\Π
admits an affine manifold structure, and gB is a Monge-Ampe`re metric on B\Π
(see [39] for the definitions). This conjecture was proved for elliptic K3 surface
with only I1 singular fibers in [30]. It is interesting to construct some examples
of Ricci-flat Calabi-Yau manifolds of higher dimension, which collapse to metric
spaces of half dimension.
Let X be a K3 surface, which admits a holomorphic involution ι1 such that
ι∗1Ω = −Ω for any holomorphic 2-form Ω, T 2 = C/(Z +
√−1Z), and ι2 be
the holomorphic involution on T 2 given by z 7→ −z. Then (ι1, ι2) induces
a holomorphic Z2-action on X × T 2, and X × T 2/〈(ι1, ι2)〉 is a Calabi-Yau
orbifold. If M is a crepant resolution of X ×T 2/〈(ι1, ι2)〉, M is called a Calabi-
Yau manifold of Borcea-Voisin type (cf. [29]). Combining Corollary 1.1 and
[30], we obtain:
Theorem 1.5 There is a family {(Mk, gk)} of Calabi-Yau 3-manifolds with
Ricci-flat Ka¨hler metrics such that Mk are homeomorphic to a Calabi-Yau man-
8
ifold M of Borcea-Voisin type, and
lim
k→∞
dGH((Mk, gk), (B, dB)) = 0,
where (B, dB) is a compact metric space, and B is homeomorphic to S
3. Fur-
thermore, dB is induced by a Riemannian metric gB on B\Π, where Π ⊂ B is
a graph.
The organization of the paper is as follows: In §2, we review some notions
and results, which will be used in this paper. In §3, some priori estimates will be
obtained. In §4, we prove Theorem 1.1 and Corollary 1.1. In §5, we prove The-
orems 1.2, 1.3, 1.4 and Corollaries 1.2, 1.3. Finally, in §6, we prove Theorem 1.5.
2 Preliminary
In this section, we review some notions and results, which will be used in this
paper.
§2.1 Gromov-Hausdorff convergence. In [28], Gromov introduced the no-
tion of Gromov-Hausdorff convergence, which provides a frame to study families
of Riemannian manifolds.
Definition 2.1 ([24]) For two compact metric spaces (X, dX) and (Y, dY ), a
map ψ : X → Y is called an ǫ-approximation if Y ⊂ {y ∈ Y |dY (y, ψ(X)) < ǫ},
and
|dX(x1, x2)− dY (ψ(x1), ψ(x2))| < ǫ
for any x1 and x2 ∈ X. The number
dGH((X, dX), (Y, dY )) = inf
{
ǫ
∣∣∣∣ There are ǫ− approximationsψ : X → Y, and φ : Y → X
}
is called Gromov-Hausdorff distance between (X, dX) and (Y, dY ) (c.f. [28]
[24]). The Gromov-Hausdorff distance induces a topology, the so called Gromov-
Hausdorff topology, on the space of all isometric classes of compact metric
spaces. We say that a family of compact metric spaces (Xk, dXk) convergence
to a compact metric space (Y, dY ) in the Gromov-Hausdorff sense, if
lim
k→∞
dGH((Xk, dXk), (Y, dY )) = 0.
Let (Y, dY ) be a compact metric space. If γ : [0, 1]→ Y is a Lipschitz curve,
define the length of γ by
lengthdY (γ) = sup

m∑
j=1
dY (γ(sj−1), γ(sj))
∣∣∣∣∣∣ for any 0 = s0 ≤ · · · ≤ sm = 1
 ,
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(c.f. Chapter 1 of [28]). A metric space (Y, dY ) is a path metric space if the dis-
tance between each pair of points equals the infimum of the lengths of Lipschitz
curves joining the points (c.f. [28]), i.e.
dY (y1, y2) = inf{lengthdY (γ)|γ is a Lipschitz curve with y1 = γ(0), y2 = γ(1)}.
Clearly Riemannian manifolds are path metric spaces. In [28], it is proved that
a complete metric space (Y, dY ) is a path metric space if there is a family of
compact path metric spaces (Xk, dXk) converging to (Y, dY ) in the Gromov-
Hausdorff sense. Hence we obtain a completion of the space of all compact
Riemannian manifolds in the space of compact path metric spaces. The follow-
ing is the famous Gromov pre-compactness theorem:
Theorem 2.1 ([28]) Let (Mk, gk) be a family of compact Riemannian mani-
folds such that Ricci curvatures Ric(gk) ≥ −C, and diameters diamgk(Mk) ≤ C′
where C and C′ are constants in-dependent of k. Then, a subsequence of
(Mk, gk) converges to a compact path metric space (Y, dY ) in the Gromov-
Hausdorff sense.
The Gromov-Hausdorff convergence of compact Riemannian manifolds under
stronger curvature assumptions was studied by various authors (c.f. [28] [3] [24]
[27]). For example, if (Mk, gk) is a family compact Riemannian manifolds with
uniform bounded sectional curvatures, uniform lower bound of volumes and
uniform upper bound of diameters, the famous Cheeger-Gromov convergence
theorem says that a subsequence of (Mk, gk) converges to a C
1,α-Riemannian
manifold in the C1,α-sense. The analogous convergence of Ka¨hler manifolds was
studied in [48].
Let (Y, dY ) be a compact path metric space. For a closed subset SY ⊂ Y ,
an integer l > 0 and a η > 0, set
Hlη(SY ) = inf{BdY (pi,ri)}
̟l
∑
i
rli,
where {BdY (pi, ri)} is a collection of countable metric balls such that
⋃
iBdY (pi, ri) ⊃
SY , ri < η, and ̟l is the volume of the unit ball in R
l. Define the l-dimensional
Hausdorff measure of SY by
Hl(SY ) = lim
η→0
Hlη(SY ).
The Hausdorff dimension dimH SY of SY is the non-negative number such that
Hl(SY ) =∞ for l < dimH SY , and Hl(SY ) = 0 for dimH SY < l (c.f. [12]).
Now let’s consider compact Ricci-flat Ka¨hler manifolds. The Gromov pre-
compactness theorem shows that a family of compact Ricci-flat Ka¨hler manifolds
with a uniform upper bound of diameters converges to a compact path metric
space by passing to a subsequence. The structure of the limit space was studied
in [13], [16] and [15].
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Theorem 2.2 ([12] [15]) Let (Mk, gk) be a family of compact Ricci-flat Ka¨hler
n-manifolds, and (Y, dY ) be a compact path metric space such that
lim
k→∞
dGH((Mk, gk), (Y, dY )) = 0.
If
Volgk(Mk) ≥ C1 > 0, and
∫
Mk
c2(Mk) ∧ ωn−1k ≤ C2,
for constants C1 and C2 independent of k, where c2(Mk) is the second Chern-
class of Mk, and ωk is the Ka¨hler form of gk, there is a closed subset S ⊂ Y
with Hausdorff dimension dimH S ≤ 2n−4 such that Y \S is a Ricci-flat Ka¨hler
n-manifold. Furthermore, off a subset of S with (2n−4)-dimensional Hausdorff
measure zero, S has only orbifold type singularities Cn−2 × C2/Γ, where Γ is a
finite subgroup of SU(2).
IfMk are K3 surfaces in the above theorem, [2] shows that Y is a K3 orbifold.
However, if dimCMk ≥ 3, we do not know whether Y is an analytic variety or
not.
§2.2 Calabi-Yau variety. Let N be a normal projective variety of dimension
n, which is Cohen-Macaulay, and KN be the canonical sheaf of N . All varieties
considered in this paper are normal and Cohen-Macaulay. We call N Goren-
stein if KN is a rank one locally free sheaf. We say that N has only canonical
singularities, if N is Gorenstein, and, for any resolution π :M → N ,
KM = π∗KN +
∑
aDD, aD ≥ 0,
where D are exceptional divisors. A Calabi-Yau n-variety is a normal Gorenstein
variety N of dimensional n satisfying that N admits only canonical singularities,
the dualizing sheaf of N is trivial, i.e. KN ≃ ON , and H2(N,ON ) = {0}. We
call (M,π) a crepant resolution of N , ifM is a compact Calabi-Yau n-manifold,
and π : M → N is a resolution, i.e. a bi-rational proper morphism satisfying
that π :M\π−1(S)→ N\S is bi-holomorphic, where S is the singular set of N .
From the definition, the dualizing sheaf KN of a Calabi-Yau n-variety N has a
global generator Ω, which is a holomorphic volume form on N\S in the usual
sense. If (M,π) is a resolution of N , π∗Ω is holomorphic on M . Furthermore,
π∗Ω is nowhere vanishing, if (M,π) is crepant. See [41] for more material of
singularities and Calabi-Yau varieties.
Proposition 2.1 Let N ⊂ Cm be an irreducible Calabi-Yau n-variety with the
holomorphic volume form Ω, and ψ is a non-trivial holomorphic function on N .
Assume N ∩BR is a closed subvariety in BR. Then for any R′ < R, there exists
ǫ, C > 0 such that∫
N∩BR′
dµ
|ψ|2ǫ ≤ C where dµ = (−1)
n2
2 Ω ∧ Ω¯.
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Proof: Since N admits only canonical singularities, there exists a resolution π :
M → N with normal crossing exceptional divisors such that π∗Ω is holomorphic
and in local coordinate π∗ψ(z) = zk11 · · · zknn g(z) with g(z) nowhere zero in
the local neighborhood. Then locally, there is a holomorphic function f(z)
such that
π∗dµ
|π∗ψ|2ǫ =
|f(z)|2|dzdz¯|
|z1|2ǫk1 · · · |zn|2ǫkn , whose integral converges in the local
neighborhood when ǫ > 0 is small. By compactness of π−1(N ∩ BR′), finitely
many such local neighborhoods would cover π−1(N ∩ BR′). Hence for ǫ > 0
small enough, there exists C > 0 such that∫
N∩BR′
dµ
|ψ|2ǫ =
∫
π−1(N∩BR′)
π∗dµ
|π∗ψ|2ǫ ≤ C.
✷
Let N be a normal projective n-variety with singular set S. For any p ∈
S and a small neighborhood Up ⊂ N of p, a pluri-subharmonic function v
(resp. strongly pluri-subharmonic, and pluri-harmonic) on Up is an upper semi-
continuous function with value in R ∪ {−∞}, which is not locally −∞, and
extends to a pluri-subharmonic function v˜ (resp. strongly pluri-subharmonic,
and pluri-harmonic) in some local embedding Up →֒ Cm. We call v smooth if
and only if v˜ is smooth. A continuous function v is pluri-subharmonic if and
only if the restriction of v to Up\S is so [23]. A Ka¨hler form ω (resp. its Ka¨hler
metric g) is a smooth Ka¨hler form ω in the usual sense on the smooth part
N\S of N , and, for any singular point p ∈ S, there is a neighborhood Up, and a
continuous strongly pluri-subharmonic function v on Up such that ω =
√−1∂∂v
on Up
⋂
N\S. We call ω (resp. g) smooth if v is smooth in the above sense.
Otherwise, we call ω a singular Ka¨hler form. The following property of smooth
Ka¨hler forms on normal analytic variety is standard, although we could not find
its precise statement in the literature.
Proposition 2.2 For any two smooth Ka¨hler metrics g1, g2 on a normal ana-
lytic variety M , and p ∈ M , there exists a neighborhood U of p such that g1 is
quasi-isometric to g2 on U .
Proof: For k = 1, 2, let ωk be the Ka¨hler form of gk. Since ωk is smooth on
M , there exists local embedding ik : (M,p) →֒ (Cmk , 0) such that ωk = i∗kω˜k on
M , where ω˜k is a smooth Ka¨hler form on C
mk . Since M is normal, by results
in §7 of chapter II of [20], there exists B1 = Br1(0,Cm1) such that the holo-
morphic map i2 can be extend to a holomorphic map F : (B1, 0) → (Cm2 , 0).
Namely, i2 = F ◦i1. Then there exists C1 > 0 such that F ∗ω˜2 ≤ C1ω˜1 on B1, and
ω2 = i
∗
2ω˜2 = i
∗
1◦F ∗ω˜2 ≤ C1i∗1ω˜1 = C1ω1 on i−11 (B1) ⊂M . Similarly, ω1 ≤ C2ω2
on i−12 (B2) ⊂ M . Let U := i−11 (B1) ∩ i−12 (B2). Then C−12 ω1 ≤ ω2 ≤ C1ω1 on
U . ✷
If PHN denotes the sheaf of pluri-harmonic functions on N , any Ka¨hler
form ω represents a class [ω] in H1(N,PHN ) (c.f. Section 5.2 in [22]). Note
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that H1(N,PHN ) ∼= H1,1(N,R) if N is a smooth variety. We call a class
α ∈ H1(N,PHN) a Ka¨hler class if α can be represented by a Ka¨hler form. A
Ka¨hler form ω on a Calabi-Yau variety N is called Ricci-flat if the restriction of
ω to the smooth part N\S is Ricci-flat.
If M is a compact Calabi-Yau manifold, Yau’s theorem on the Calabi con-
jecture ([56]) says that, for any Ka¨hler class α ∈ H1,1(M,R), there exists a
unique Ricci-flat Ka¨hler form ω representing α. In ([22]), Yau’s theorem was
generalized to singular Calabi-Yau varieties.
Theorem 2.3 ([22]) Let N be a Calabi-Yau n-variety, S be the singular set
of N , and ω0 be a smooth Ka¨hler form on N . Then there is a unique Ricci-
flat Ka¨hler form ω with continuous potential function such that ω ∈ [ω0] ∈
H1(N,PHN ), i.e. there is a unique continuous function ϕ on N such that
ω = ω0 +
√−1∂∂ϕ is a Ka¨hler form satisfying
(ω0 +
√−1∂∂ϕ)n = (−1)
n2
2
V Ω ∧ Ω, supN ϕ = 0,
on the smooth part N\S, where V = (∫
N
ωn0 )
−1 ∫
N\S(−1)
n2
2 Ω ∧ Ω.
In [52], singular Ricci-flat Ka¨hler metrics were constructed on projective
manifolds of Kodaira dimension 0. If the Calabi-Yau variety N admits a crepant
resolution (M,π), and ω0 is a smooth Ka¨hler form on N , π
∗ω0 is a smooth
semi-positive (1, 1)-form on M , and the class π∗[ω0] ∈ H1,1(M,R) is big and
semi-ample. The following convergence theorem was proved in [55].
Theorem 2.4 ([55]) Let N be a Calabi-Yau n-variety, S be the singular set
of N , and α ∈ H1(N,PHN ) be a class represented by a smooth Ka¨hler form.
Assume that N admits a crepant resolution (M,π), and αt, t ∈ (0, 1], is a family
of Ka¨hler classes on M such that limt→0 αt = π∗α in H1,1(M,R). Then ωt,
t ∈ (0, 1], C∞-converges to π∗ω on any compact subset of M\π−1(S), when
t → 0, where ωt are Ricci-flat Ka¨hler forms with ωt ∈ αt, and ω is the unique
Ricci-flat Ka¨hler form representing α.
A projective n-orbifold is a normal projective n-variety with only quotient
singularities, i.e. for any singular point p, there is a neighborhood Up of p,
a neighborhood V of 0 ∈ Cn, and a finite group Γp ⊂ GL(n,C) such that
Up is bi-holomorphic to V/Γp. We call Γp the orbifold group of p. Projective
orbifolds are Cohen-Macaulay (c.f. [18]). An orbifold Ka¨hler form ω (resp. the
corresponding orbifold Ka¨hler metric g ) on a projective orbifold N is a Ka¨hler
form on the smooth part of N , and, on any neighborhood Up of a singularity
point p, ω is identified with a Γp-invariant Ka¨hler form on V by the quotient
map. Orbifolds share many of the good properties of manifolds. For example,
De Rham cohomology and Dolbeault cohomology are well-defined on orbifolds,
and have most of usual properties on manifolds (c.f. [4] [18] [50]). An orbifold
Ka¨hler form ω defines a (1, 1)-class [ω] in H1,1(N,R). We call a (1, 1)-class α
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a Ka¨hler class if it is represented by an orbifold Ka¨hler form, and call the set
KN of such classes the Ka¨hler cone of N , which is an open cone in H
1,1(N,R).
Another important fact is that an orbifold Ka¨hler metric g on an orbifold induces
a path metric space structure dg on N (c.f. [8]). However, an orbifold Ka¨hler
form is not smooth in the sense of smooth Ka¨hler forms on projective varieties.
On the other hand, a smooth Ka¨hler form in the sense of smooth Ka¨hler forms
on projective varieties is only a semi-positive (1, 1)-form in the orbifold sense,
but not an orbifold Ka¨hler form.
Lemma 2.1 Let N be a projective n-orbifold with H2(N,ON ) = {0}, and α ∈
H1,1(N,R) be a class represented by an orbifold Ka¨hler form. Then α can be
represented by a semi-positive orbifold (1, 1)-form ω0, which is a smooth Ka¨hler
form in the sense of smooth Ka¨hler forms on projective varieties.
Proof: By the hypothesis, H1,1(N,C) = H2(N,C), H1,1(N,R) ∩ H2(N,Z) is
not empty, and H1,1(N,R) ∩ H2(N,Q) is dense in H1,1(N,R). Note that, for
any orbifold Ka¨hler form ω, [ω] =
∑I
i=1 aiαi where αi ∈ KN ∩ H2(N,Q), and
ai ∈ R. For any i, there is an integer νi > 0 such that νiαi ∈ KN ∩H2(N,Z).
By the orbifold version of Kodaira’s embedding theorem (c.f. [4]), there is an
integer µi > 0 such that µiνiαi induces an embedding ιαi : N →֒ CPmi , for some
mi > 0, which satisfies αi =
1
µiνi
ι∗αic1(O(1)), where O(1) is the hyperplane line
bundle on CPmi . If we denote ωFS,i the Fubini-Study metric on CP
mi , then
ω0 =
∑I
i=1 ai
1
µiνi
ι∗αiωFS,i ∈ [ω], which is a smooth (1, 1)-form in the sense of
orbifold forms, and is a smooth Ka¨hler form in the sense of smooth Ka¨hler forms
on projective varieties. ✷
A Calabi-Yau n-orbifold is a projective orbifold N of dimension n satisfying
that H2(N,ON ) = {0}, N admits orbifold Ka¨hler metrics, all of orbifold groups
are finite subgroups of SU(n), and the canonical bundle KN of N is trivial.
Note that a Calabi-Yau orbifold is Gorenstein, and, thus, has only canonical
singularities (c.f. Appendix A in [18]). Hence a Calabi-Yau orbifold N is a
Calabi-Yau variety in the above sense. By the same arguments as Yau’s proof
of the Calabi conjecture, for any Ka¨hler class α ∈ H1,1(N,R) on a Calabi-Yau
orbifold N , there exists a unique orbifold Ricci-flat Ka¨hler metric g on N with
Ka¨hler form ω ∈ α ([56] and [35]). Note that there is a smooth Ka¨hler form ω0 in
the sense of smooth Ka¨hler forms on projective varieties with ω0 ∈ α by Lemma
2.1, and ω is actually the solution given in Theorem 2.3 by the uniqueness of
that theorem. However, we know that ω induces a path metric space structure
dg on N in the orbifold case [8].
Let T 2n = Cn/(Zn +
√−1Zn), and Γ be a finite group, which has a holo-
morphic action on T 2n preserving the flat Ka¨hler form ω0 =
√−1∑ dzi ∧ dz¯i
and the holomorphic volume form Ω0 = dz1 ∧ · · · ∧ dzn, but not holomorphic
2-forms. Then T 2n/Γ is a complex orbifold, ω0 induces a flat orbifold Ka¨hler
metric on T 2n/Γ, and Ω0 induces a nowhere vanishing holomorphic n-form on
T 2n/Γ, which implies the canonical bundle KT 2n/Γ is trivial. Since Hp,q(T 2n/Γ)
is isomorphic to the fixed subspace of Hp,q(T 2n) under the natural action Γ on
14
Hp,q(T 2n), we have H2,0(T 2n/Γ) = {0}. Thus T 2n/Γ is a projective variety by
the orbifold version of Kodaira’s embedding theorem (c.f. [4]), and is a Calabi-
Yau orbifold. Assume that T 2n/Γ admits a crepant resolution (M,π). If n = 3,
T 6/Γ always admits a crepant resolution by [46]. By Yau’s theorem, there are
Ricci-flat Ka¨hler metrics on M , but maybe non of them can be written down
explicitly. However, from Corollary 1.1, for any ε > 0, we can find a Ricci-
flat Ka¨hler metric gε on M such that the Gromov-Hausdorff distance between
(M, gε) and T
2n/Γ is less than ε. This means that we can find Ricci-flat Ka¨hler
metrics gε on M such that the Ricci-flat manifolds (M, gε) look like the flat
orbifold T 2n/Γ as close as we want.
Now, we consider Calabi-Yau varieties with a different type of singularity.
Let M0 be a Calabi-Yau n-variety with only finite many ordinary double points
S = {pα} as singular points, i.e. for any pα ∈ S, the singularity of M0 is given
by
{z21 + · · ·+ z2n+1 = 0} ⊂ Cn+1.
We call M0 a Calabi-Yau n-conifold. Note that ordinary double points are not
orbifold singularities when n ≥ 3. Let Mt ⊂ CP4 be the hypersurface given by
ft = z3g(z0, · · · , z4) + z4h(z0, · · · , z4)− t(z50 + · · ·+ z54) = 0, t ∈ ∆ ⊂ C,
where g and h are generic homogeneous polynomials of degree 4, and z0, · · · , z4
are homogeneous coordinates of CP4. If t = 0, M0 is a projective Calabi-Yau
3-conifold with 16 ordinary double points as singular set S = {z3 = z3 = g =
h = 0} (c.f. [47]). IfM = {([z0, · · · , z4], t)|ft = 0} ⊂ CP4×∆ and π :M→ ∆ is
induced by the projection from CP4×∆ to ∆, it is easy to check that (M, π) is
a smoothing of M0, and the canonical bundle KM is trivial. Applying Theorem
1.2, we obtain that, for any tk → 0, and any smooth embedding F : M0\S×∆→
M such that F (M0\S × {t}) ⊂ Mt and F |M0\S×{0} : M0\S → M0\S is the
identity map, i.e. F |M0\S×{0} = Id, we have
F |∗M0\S×{tk}g˜tk → g˜0, and F |∗M0\S×{tk}ω˜tk → ω˜0
in the C∞-sense on any compact subset K ⊂ M0\S, where g˜0 is the unique
singular Ricci-flat Ka¨hler metric on M0 with Ka¨hler form ω˜0 such that ω˜0 ∈
[ω|M0 ] ∈ H1(M0,PHM0).
Assume that the Calabi-Yau n-varietyM0 admits a crepant resolution (Mˆ, πˆ),
and there is a smoothing of M0 to a Calabi-Yau manifold M . The process of
going from Mˆ to M (or from M to Mˆ) is called a geometric transition. The
geometric transition provides a method to connect two topologically distinct
Calabi-Yau manifolds. In mathematics, it is related to the famous Reid’s fan-
tasy (c.f. [45]), and, in physics, this process connects topologically distinct
space-times in string theory (c.f. [9] [1] [10] [26] [47]). In [9], it is conjectured
that there exists a family of Ricci-flat Ka¨hler metrics gˆs, s ∈ (0, 1), on Mˆ , and
a family of Ricci-flat Ka¨hler metrics gs, s ∈ (0, 1), on M , which correspond to
different complex structures, satisfying that {(Mˆ, gˆs)} and {(M, gs)} converge
to the same limit in a suitable sense, for example in the Gromov-Hausdorff
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sense, when s → 0. For the sake of string theory, physicists conjectured that
all Calabi-Yau 3-manifolds are connected each other by preforming geometric
transitions finite times (c.f. [1] [10] [26] [47]), and form a huge web, which is
called the connectedness conjecture. Combing these conjectures from physicists,
it seems that the Gromov-Hausdorff topology is a suitable frame to present the
connectedness conjecture:
Conjecture 2.1 (Metric geometry version of the connectedness conjecture)
We denote (MET , dGH) the set of all isometry classes of compact metric spaces
with Gromov-Hausdorff topology, and CY(3) ⊂MET the subset such that each
element of CY(3) can be represented by a simply connected Ricci-flat Calabi-Yau
Ka¨hler 3-manifold (M, g) with V olg(M) = 1. Then the closure CY(3) of CY(3)
in (MET , dGH) is connected.
§2.3 Complex Monge-Ampe`re Equation and Capacities. Let X be a
Stein manifold of dimension n, and U be an open subset of X . We denote
PSH(U) the space of pluri-subharmonic functions on U . If u ∈ PSH(U),√−1∂∂u is a semi-positive (1, 1)-current on U . In the pioneer work [7], it
is shown that (
√−1∂∂u)n = √−1∂∂u ∧ · · · ∧ √−1∂∂u is a well-defined semi-
positive (n, n)-current on U , if u ∈ PSH(U)∩L∞(U). The operator (√−1∂∂u)n
on the space of locally bounded pluri-subharmonic functions is called Monge-
Ampe`re operator. The following is the comparison principle for Monge-Ampe`re
operators.
Theorem 2.5 ([7]) If
u, v ∈ PSH(U) ∩ L∞(U), and lim inf
z→∂U
(u− v)(z) ≥ 0,
then
∫
{u<v}
(
√−1∂∂v)n ≤
∫
{u<v}
(
√−1∂∂u)n.
In [7], Bedford and Taylor introduced the notion of relative capacity, which
is very useful in the studying of Monge-Ampe`re operators. If K is a compact
subset of U , the relative capacity of K is defined by
CapBT(K,U) = sup{
∫
K
(
√−1∂∂u)n|u ∈ PSH(U),−1 ≤ u < 0}.(2.1)
The relative capacity has the property of decreasing under holomorphic map-
pings (c.f. [7]), i.e. if F : U1 → U2 is holomorphic, then
CapBT(K,U1) ≥ CapBT(F (K), U2).(2.2)
By combining Bedford-Taylor’s work and Yau’s solution of Calabi conjecture,
[38] solved the Monge-Ampe`re equation on a compact Ka¨hler manifold under
weak assumptions on the right-hand side. Particularly, a C0-estimate for Monge-
Ampe`re equations was obtained under a very weak condition in [38].
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Theorem 2.6 (Lemma 2.3.1 in [38]) Let U be a strictly pseudoconvex sub-
set of Cn, and v ∈ PSH(U) with ‖v‖L∞(U) < C. Suppose that u ∈ PSH(U) ∩
L∞(U) satisfies the following conditions: u < 0, u(z) > C′ (z ∈ U), and∫
K
(
√−1∂∂u)n ≤ ACapBT(K,U)[h((CapBT(K,U))− 1n )]−1,(2.3)
for any compact subset K of U , where h : (0,∞) → (1,∞) is an increasing
function which fulfills the inequality∫ ∞
1
(yh
1
n (y))−1dy <∞.
If the sets U(s) = {u − s < v} ∩ U ′′ are non-empty and relatively compact in
U ′′ ⊂ U ′ ⊂⊂ U for s ∈ [S, S + D] then infU ′′ u is bounded from below by a
constant depending on A,C,C′, D, h, U ′, U , but independent of u, v, U ′′.
The key argument of this theorem can be formulated into the following
technical lemma that we will need later.
Lemma 2.2 Assume that a(s) is increasing, tna(s) ≤ Aa(s+ t)/h(a(s+ t)− 1n )
for any [s, s + t] ⊂ [S, S + D] and ∫∞1 (yh 1n (y))−1dy < ∞. Then there exists
C > 0 independent of S such that a(S +D) ≥ C.
Proof: The condition on a(s) can be rewritten as t ≤ A
1
n a(s)−
1
n
a(s+ t)−
1
nh
1
n (a(s+ t)−
1
n )
.
For S = t0 < · · · < tN = S + D such that a(ti)− 1n = 2a(ti+1)− 1n when i ≥ 1
and a(t0)
− 1n ≤ 2a(t1)− 1n ,
(ti+1 − ti) ≤ A
1
n a(ti)
− 1n
a(ti+1)−
1
n h
1
n (a(ti+1)−
1
n )
.
0 < D =
N−1∑
i=0
(ti+1 − ti) ≤
N−1∑
i=0
A
1
n a(ti)
− 1n
a(ti+1)−
1
n h
1
n (a(ti+1)−
1
n )
,
≤ A
1
n a(tN−1)−
1
n
a(S +D))−
1
n h
1
n (a(S +D)−
1
n )
+
N−2∑
i=0
A
1
n a(ti)
− 1n
a(ti+1)−
1
n − a(ti+2)− 1n
a(ti+1)
− 1n − a(ti+2)− 1n
a(ti+1)−
1
n h
1
n (a(ti+1)−
1
n )
,
≤ 2A
1
n
h
1
n (a(S +D)−
1
n )
+
N−2∑
i=0
4A
1
n
∫ a(ti+1)− 1n
a(ti+2)
− 1
n
dy
yh
1
n (y)
,
≤ 2A
1
n
h
1
n (a(S +D)−
1
n )
+ 4A
1
n
∫ +∞
a(S+D)−
1
n
dy
yh
1
n (y)
=: L(a(S +D)),
where lim
s→0
L(s) = 0. Hence there exists C > 0 independent of S such that
a(S +D) ≥ C. ✷
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By Section 2.5 in [38], if there is a function f ∈ Lp(dµ), p > 1, such that
(
√−1∂∂u)n = fdµ, where dµ is the standard Lebesgue measure, then Condition
2.3 is satisfied. In this case, we can choose h(y) = (1 + log(1 + y))2n.
In [32], the notion of relative capacity was generalized to global capacity on
a compact Ka¨hler manifold (M,ω) of dimension n. For any compact subset
K ⊂M , the global capacity of K is
Capω(K) = sup
{∫
K
(ω +
√−1∂∂ψ)n|ω +√−1∂∂ψ ≥ 0, 0 ≤ ψ ≤ 1
}
.
The following properties will be used in the proof of Theorem 1.3.
Proposition 2.3 (Proposition 2.5 and 2.6 in [32]) Let (M,ω) be a com-
pact Ka¨hler manifold of dimension n.
(i) If K ⊂ K ′ ⊂M , then Capω(K) ≤ Capω(K ′).
(ii) For all A > 1, Capω(·) ≤ CapAω(·) ≤ AnCapω(·).
(iii) If ψ is a function on M satisfying that ω+
√−1∂∂ψ ≥ 0, and ψ < 0, then
Capω({ψ < −s}) ≤
1
s
(
−
∫
M
ψωn + nVolω(M)
)
, for all s > 0.
Lemma 2.3 Fix χ ∈ C∞(M) ∩ PSHC1ω(M) such that −1 ≤ χ ≤ 0, χ = 0
outside of the open subset V ⊂ M . For any compact subset K ⊂ V such that
χ = −1 on K, we have
CapBT(K,V ) ≤ Cn1Capω(K).
Proof: Let u ∈ PSH(V ) with −1 ≤ u < 0. φ = max(u, χ) is well defined on M
and is in PSHC1ω(M). Clearly, φ = u on K.∫
K
(
√−1∂∂u)n =
∫
K
(
√−1∂∂φ)n
≤
∫
K
(C1ω +
√−1∂∂φ)n ≤ CapC1ω(K) ≤ Cn1Capω(K).
Thus, by the definition of relative capacity,
CapBT(K,V ) ≤ Cn1Capω(K).
✷
Lemma 2.4 There exists A > 0 (depending on c1, C1 > 0) such that for any
branched covering map p : V → B1 ⊂ Cn of degree ≤ m satisfying∫
V
|f |−2c1(−1)n
2
2 Ω ∧ Ω ≤ C1, where fΩ = p∗ΩCn ,
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and compact subset K ⊂ V , where V is an open subset in a stein manifold X
with a Calabi-Yau form Ω, we have∫
K
(−1)n
2
2 Ω ∧ Ω ≤ Am CapBT(K,V )
h(CapBT(K,V )−
1
n )
.
Proof: Let dµ = (−1)n22 Ω ∧ Ω and dµCn = (−1)n
2
2 ΩCn ∧ ΩCn .∫
K
dµ ≤
∫
p−1(p(K))∩V
dµ ≤ m
∫
p(K)
dµCn
minV ∩p−1(z) |f |2
.
Since ∫
p(K)
dµCn
minV ∩p−1(z) |f |2(1+ǫ)
≤
∫
V
|f |−2ǫdµ ≤ C1,
according to section 2.5 in [38], and (2.2),∫
p(K)
dµCn
minV ∩p−1(z) |f |2
≤ A CapBT(p(K), B1)
h(CapBT(p(K), B1)−
1
n )
≤ A CapBT(K,V )
h(CapBT(K,V )−
1
n )
.
✷
3 A priori estimates
§3.1 A priori estimate for diameters of Ricci-flat Ka¨hler manifolds. In
this section, we give a priori estimate for diameters of Ricci-flat Ka¨hler mani-
folds, which is used in the proof of Theorem 1.1.
Theorem 3.1 Let (M,ω, g) be a compact Ka¨hler n-manifold with c1(M) = 0,
and {gk} be a family of Ricci-flat Ka¨hler metrics with Ka¨hler forms ωk. Then
there exists a constant C in-dependent of k such that the diameters diamg
k
(M)
of (M, g
k
) satisfy that
diamgk(M) ≤ 32n+ C(
∫
M
ωk ∧ ωn−1)n.(3.1)
This result is from the second author’s thesis [61]. In a recent paper [55],
it is also obtained by Tosatti independently. However, for the completeness,
we present the details of the proof here. For proving this theorem, we need a
reformulation of Lemma 1.3 in [21].
Lemma 3.1 Let (M,ω, g) be a compact Ka¨hler n-manifold, and {gk} be a fam-
ily of Ka¨hler metrics with Ka¨hler forms ωk. Then, for any 0 < δ < Volg(M),
there are open subsets Uk,δ of M such that
Volg(Uk,δ) ≥ Volg(M)− δ, and diam2gk(Uk,δ) ≤ Cδ−1
∫
M
ωk ∧ ωn−1,(3.2)
where C is a constant independent of k.
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The only difference between Lemma 3.1 and Lemma 1.3 in [21] is that we
use the quantity
∫
M ωk ∧ ωn−1 instead of assuming ωk ∈ [ω]. The proof of the
lemma is the same as the proof of Lemma 1.3 in [21]. For readers’ convenience,
we present the sketched proof here.
Proof: First, suppose that K is a compact convex set in some coordinate
open set of M . On K, ω =
√−1
2
∑
gαβdz
α ∧ dzβ , g0 = Re
∑
dzαdzα and
ω0 =
√−1
2
∑
dzα ∧ dzα. We join x1 ∈ K, x2 ∈ K by the segment [x1, x2] ⊂ K,
and denote dµ = (−1)
n
2
2nn! dz
1 ∧ dz1 ∧ · · · ∧ dzn ∧ dzn the Lebesgue measure of K.
Note that, for any v ∈ TK, gk(v, v) ≤ trg0gkg0(v, v). By Fubini Theorem and
Canchy-Schwarz inequality, we get∫
K×K
lengthgk([x1, x2])
2dµ(x1)dµ(x2)
=
∫
K×K
(
∫ 1
0
√
gk((1 − t)x1 + tx2)(x2 − x1)dt)2dµ(x1)dµ(x2)
≤ |x2 − x1|2g0
∫ 1
0
dt
∫
K×K
trg0gk((1− t)x1 + tx2)dµ(x1)dµ(x2)
≤ 22ndiam2g0K · Volg0(K) ·
∫
K
ωk ∧ ωn−10
≤ CK
∫
M
ωk ∧ ωn−1,
where CK is a constant independent of k. The second inequality is obtained by
integrating first with respect to y = (1 − t)x1 when t ≤ 12 , resp. y = tx2 when
t ≥ 12 (Note that dµ(xi) ≤ 22ndµ(y)). If
S = {(x1, x2) ∈ K ×K|length2gk([x1, x2]) >
CK
δ
∫
M
ωk ∧ ωn−1},(3.3)
then
Volg0×g0(S) < δ.
Let
S(x1) = {x2 ∈ K|(x1, x2) ∈ S}, and Q = {x1 ∈ K|Volg0(S(x1)) ≥
1
2
Volg
0
(K)}.
(3.4)
By Fubini Theorem, we obtain that
Volg0(Q) <
2δ
Volg
0
(K)
.
For any x1, x2 ∈ K\Q, we have Volg0(S(xj)) < 12Volg0(K). ThusK\S(x1)
⋂
K\S(x2)
is not empty. If y ∈ K\S(x1)
⋂
K\S(x2), then (x1, y), (x2, y) ∈ (K × K)\S,
and
length2gk([x1, y] ∪ [y, x2]) ≤ 2
CK
δ
∫
M
ωk ∧ ωn−1.(3.5)
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By continuity, a similar estimate still holds for any two points x1, x2 ∈ K\Q,
with some y ∈ K. Let Kk,δ = K\Q. Then
Volg(K\Kk,δ) ≤ Volg(Q) ≤ C1Volg0(Q) < C1
2δ
Volg0(K)
= C2,Kδ.(3.6)
Now we coverM with finitely many compact convex coordinate patches Ki,
i = 1, · · · , N , such that intKi ∩ intKi+1 are not empty. Then, by above argu-
ments, there exist Ki,δ ⊂ Ki with Volg(Ki\Ki,δ) < C2,Kiδ such that any pair of
points in Ki,δ can be joined by a path of length ≤ CKiδ−
1
2 (
∫
M
ωk ∧ ωn−1) 12 . If
we take C2,Kiδ <
1
2Volg(Ki∩Ki+1) for every i, then (Ki\Ki,δ)∪ (Ki+1\Ki+1,δ)
can not contain Ki ∩ Ki+1 and therefore Ki,δ ∩ Ki+1,δ are not empty. This
implies that any x ∈ Ki,δ can be joined to any y ∈ Kj,δ by a piecewise smooth
path of length ≤ NC3δ− 12 (
∫
M ωk ∧ ωn−1)
1
2 , where C3 = max{CKi}. Then we
obtain the conclusion by taking Uk,δ =
⋃
i
Ki,δ. ✷
Proof of Theorem 3.1: First, we can assume that g is a Ricci-flat Ka¨hler
metric. Then
0 = Ricgk − Ricg = −
√−1∂∂logω
n
k
ωn
.
By Hodge Theory, there exist constants Ak such that
ωnk = e
Akωn.(3.7)
Then, we have
eAk =
∫
M
ωnk∫
M
ωn
=
Volgk(M)
Volg(M)
.(3.8)
By Lemma 3.1, for any δ > 0, there are open subsets Uk,δ of M such that
Volg(Uk,δ) ≥ Volg(M)− δ, and diam2gk(Uk,δ) ≤ Cδ−1
∫
M
ωk ∧ ωn−1,(3.9)
where C is a constant in-dependent of k. Let pk ∈ Uk,δ, δ = 12Volg(M) and
r = max{1, 2Cδ−12 (
∫
M
ωk ∧ ωn−1) 12 }.(3.10)
Thus
Volg(Bgk(pk, r)) ≥ Volg(Uk,δ) =
1
2
Volg(M).(3.11)
Therefore,
Volgk(Bgk(pk, r)) =
1
n!
∫
Bgk (pk,r)
ωnk = e
AkVolg(Bgk(pk, r)) ≥
eAk
2
Volg(M).(3.12)
By Bishop-Gromov theorem,
Volgk(Bgk(pk, 1))
Volgk(Bgk(pk, r))
≥ 1
r2n
.(3.13)
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Hence
Volgk(Bgk(pk, 1)) ≥
eAk
2r2n
Volg(M) =
1
2r2n
Volgk(M).(3.14)
Now we need:
Lemma 3.2 (Lemma 2.3 in [42]) Let (M, g) be a 2n-dimensional compact
Riemannian manifold with nonnegative Ricci curvature. Then, for all points
p ∈M and all radiuses 1 < R < diamg(M), we have
Volg(Bp(2R+ 2))
Volg(Bp(1))
≥ R− 1
2n
.
See [42] or Theorem 4.1 of Chapter in [51] for the proof. By letting R =
1
2diamgk(M), we obtain
diamgk(M) ≤ 2 + 8n
Volgk(M)
Volgk(Bgk(pk, 1))
< 2 + 16nr2n.(3.15)
Thus, by (3.10), we obtain that
diamgk(M) ≤ 32n+ C(
∫
M
ωk ∧ ωn−1)n,
where C is a constant independent of k. ✷
The following corollary is a direct consequence of Theorem 3.1 and Gromov’s
precompactness theorem (c.f. [28]).
Corollary 3.1 Let (M,ω, g) be a compact Ka¨hler n-manifold with c1(M) = 0,
and {gk} be a family of Ricci-flat Ka¨hler metrics with Ka¨hler forms ωk. If∫
M
ωk ∧ ωn−1 ≤ C,
for a constant C independent of k, then a subsequence of {(M, gk)} converges
to a compact metric space (Y, dY ) in the Gromov-Hausdorff topology.
§3.2 An estimate for the first eigenvalue. Let M0 be a projective variety
of dimension n, S be the singular set of M0, and π :M→ ∆ be a smoothing of
M0 in CP
N over the unit disc ∆ = {t ∈ C||t| < 1} as defined in the introduction.
Our definition implies that π : M\S → ∆ is a smooth fibration. Then since
only the central fibre is singular by definition, we have that M is a complex
subvariety in CPN ×∆ of dimension n+ 1 with singular set S ⊂ S ⊂M0.
We denote gFS the Fubini-Study metric onCP
N . Let g¯ = (gFS+
√−1∂∂|t|2)|M,
and g¯t = g¯|Mt . By using Li-Tian’s estimate on heat kernels ([44]) and Davis’
result ([19]), there is a uniform Sobolev constant on all (Mt, g¯t), i.e. there is
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a constant C¯S > 0 independent of t such that, for any t 6= 0, and any smooth
function χ on Mt,
‖χ‖
L
4n
2n−2 (g¯t)
≤ C¯S(‖dχ‖L2(g¯t) + ‖χ‖L2(g¯t)),
(c.f. [60]).
Proposition 3.1 If g is a smooth Ka¨hler metric on the normal analytic variety
M, and gt = g|Mt , then for any c ∈ (0, 1), there is a uniform Sobolev constant
CS > 0 on (Mt, gt) independent of t satisfying 0 < |t| ≤ c, i.e. for any such t,
and any smooth function χ on Mt,
‖χ‖
L
4n
2n−2 (gt)
≤ CS(‖dχ‖L2(gt) + ‖χ‖L2(gt)).
Proof: Since g, g¯ are smooth, M is normal and M ∩ {|t| ≤ c} is compact,
Proposition 2.2 implies that there is a constant C > 0 such that C−1g¯ ≤ g ≤ Cg¯
on M∩ {|t| ≤ c}. Then C−1g¯t ≤ gt ≤ Cg¯t for |t| ≤ c. As consequence, we ob-
tain a uniform Sobolev constant CS > 0 on (Mt, gt) independent of t satisfying
0 < |t| ≤ c. ✷
Proposition 3.2 Let M0 be an irreducible projective variety of dimension n,
and π : M → ∆ be a smoothing of M0 in CPN over the unit disc ∆ = {t ∈
C||t| < 1}. If g is a smooth Ka¨hler metric on M, and gt = g|Mt , then there is
a constant C > 0 independent of t such that
λ1,t > C,
where λ1,t is the first eigenvalue of the Laplacian ∆t on (Mt, gt).
This result can be obtained from the main theorem in [60]. However, for the
completeness, we give an independent proof here.
Proof: If it is not true, then there exists tk(∈ ∆)→ 0 such that λ1,k = λ1,tk → 0
with eigenfunctions φk satisfying ∆tkφk = −λ1,tkφk.∫
Mtk
φk = 0,
∫
Mtk
|φk|2 = 1.
‖φk‖
L
2n
n−1 (gtk )
≤ CS(‖dφk‖L2(gtk ) + ‖φk‖L2(gtk ))
= CS(1 + λ
1
2
1,k)‖φk‖L2(gtk ) = CS(1 + λ
1
2
1,k).
By Proposition 3.1, the above Sobolev constant CS is independent of k. For any
compact set K ⊂M0 \S, F ∗tkgtk C∞ converges to g0 on K. {F ∗tkφk} is bounded
in W 1,2(K), therefore is weakly relative compact by Banach-Alaoglu theorem.
May assume it weakly converges to φ0 ∈ W 1,2(K, g0), and the convergence is
strong in L2(K, g0). By lower semi-continuity of norm under weak limit,
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0 ≤ ‖dφ0‖L2(K,g0) ≤ lim
k→∞
‖dF ∗tkφk‖L2(K,g0) ≤ limk→∞ ‖dφk‖L2(Mtk ,gtk ) = limk→∞ λ
1
2
1,k = 0
Hence φ0 is locally constant on K. Since M0 is irreducible, we may assume K
is connected. Then φ0 is a constant on K.∣∣∣∣∣
∫
Mtk\Ftk (K)
φk
∣∣∣∣∣ ≤ ‖φk‖L2(gtk )|Volgtk (Mtk\Ftk(K))| 12 = |Volgtk (Mtk\Ftk(K))| 12∫
Mtk\Ftk (K)
|φk|2 ≤ ‖φk‖2
L
2n
n−1 (gtk )
|Volgtk (Mtk \ Ftk(K))|
1
n
≤ CS(1 + λ
1
2
1,k)|Volgtk (Mtk \ Ftk(K))|
1
n
0 = lim
k→∞
∫
Mtk
φk = lim
k→∞
∫
Mtk\Ftk (K)
φk + lim
k→∞
∫
K
F ∗tkφk
Volg0(K)|φ0| = lim
k→∞
∣∣∣∣∫
K
F ∗tkφk
∣∣∣∣ = limk→∞
∣∣∣∣∣
∫
Mtk \Ftk (K)
φk
∣∣∣∣∣ ≤ |Volg0(M0 \K)| 12 .
1 = lim
k→∞
∫
Mtk
|φk|2 = lim
k→∞
∫
Mtk\Ftk (K)
|φk|2 + lim
k→∞
∫
K
|F ∗tkφk|2
≤ CS |Volg0(M0 \K)|
1
n +Volg0(K)|φ0|2.
≤ CS |Volg0(M0 \K)|
1
n +Volg0(M0 \K)/Volg0(K).
This is a contradiction when K is chosen large enough. ✷
Remark: If we remove the hypothesis that M0 is irreducible in the above
proposition, we obtain
lim
t→0
λm−1,t = 0, and λm,t > C,
for a constant C > 0 independent of t, where m ≥ 1 is the number of irreducible
components of M0 by the main theorem in [60]. ✷
The following lemma will be used in the proof of Theorem 1.3.
Lemma 3.3 Let M0 be an irreducible projective variety of dimension n, which
admits a smoothing π :M→ ∆ in CPN over the unit disc ∆ = {t ∈ C||t| < 1}.
Let g be a smooth Ka¨hler metric on M, gt = g|Mt , and ωt be the Ka¨hler form
of gt. For any t 6= 0, if ϕt is a smooth function satisfying that ωt +
√−1∂∂ϕt
is a Ka¨hler form on Mt = π
−1(t), and supMt ϕt = 0, then there is a constant
C > 0 independent of t such that∫
Mt
ϕtω
n
t ≥ −C.
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Proof: We assume Volωt(Mt) =
1
n!
∫
Mt
ωnt =
1
n! for convenience. If Ht(x, y, s)
denotes the heat kernel on (Mt, ωt), and Kt(x, y, s) = Ht(x, y, s)− n!, then the
Green function on (Mt, ωt) is Gt(x, y) =
∫∞
1
Kt(x, y, s)ds. Note that
Kt(x, y, s) ≥ −K
1
2
t (x, x, s)K
1
2
t (y, y, s),(3.16)
and
Kt(x, x, s) ≤ Kt(x, x, 1)e−λ1,t(s−1),(3.17)
where λ1,t > 0 is the first eigenvalue of the Laplacian on (Mt, ωt) (c.f. Lemma
3.1 in [40] and [11]).
Since M0 has only one irreducible component, there is a constant C > 0
independent of t such that
λ1,t ≥ C,
by Proposition 3.2. For any smooth function χ on Mt with
∫
Mt
χωnt = 0, we
have ∫
Mt
|dχ|2ωnt ≥ λ1,t
∫
Mt
χ2ωnt ≥ C
∫
Mt
χ2ωnt .
Then, by Proposition 3.1, we have a uniformly Sobolev inequality
‖χ‖
L
4n
2n−2 (ωt)
≤ CS(‖dχ‖L2(ωt)+‖χ‖L2(ωt)) = CS(1+λ−
1
2
1,t )‖dχ‖L2(ωt) ≤ C¯S‖dχ‖L2(ωt),
for a constant C¯S > 0 independent of t. Since
∫
Mt
Kt(x, y, s)ω
n
t (y) = 0, by the
same arguments as the proof of Equation (3.12) in [57],
Kt(x, x, 1) ≤ nnC¯nS .
Thus, by (3.16) and (3.17), there is a constant C¯ > 0 independent of t such that
Gt(x, y) =
∫ ∞
1
Kt(x, y, s)ds ≥ −nnC¯nS
∫ ∞
1
e−λ1,t(s−1)ds = −nnC¯nS
1
λ1,t
≥ −C¯.
If G˜t(x, y) is the normalized Green function such that infMt G˜t(x, y) = 0,
then ∫
Mt
G˜t(x, y)ω
n
t ≤ C,
for a constant C > 0 independent of t. Note that n+∆tϕt ≥ 0 where ∆t is the
Laplacian of (Mt, ωt). By Green’s formula, we obtain
ϕt(x)−
∫
Mt
ϕtω
n
t = −
1
n!
∫
Mt
G˜t(x, y)∆tϕtω
n
t ≤ nC.
By letting ϕt(x) = supMt ϕt = 0, we obtain the conclusion. ✷
§3.3 Estimates concerning the condition (1.1). Recall that dµ = dµM =
(−1) (n+1)
2
2 Ω ∧ Ω and dµt = dµMt = (−1)
n2
2 Ωt ∧ Ωt.
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Lemma 3.4 For any c ≥ 0 and holomorphic function f on M,
b(t) :=
∫
Mt
|f |−2cdµt
is lower semi-continuous on ∆. In particular, there exists C > 0 such that
Vt :=
∫
Mt
dµt ≥ C for t ∈ ∆.
Proof: For any t0 ∈ ∆, first assume that f |Mt0 is not identically zero. Then
there exist compact subsets K1 ⊂ · · · ⊂ Ki ⊂ · · · ⊂Mt0 such that the integrant
of b(t0) is finite and continuous on Ki ∩Mt0 and
b(t0) = sup
i
∫
Ki∩Mt0
|f |−2cdµt0 .
The integrant of b(t) is continuous on an open neighborhood of Ki ∩Mt0 ⊂
M. Hence for fixed i,∫
Ki∩Mt0
|f |−2cdµt0 = lim
t→t0
∫
Ki∩Mt
|f |−2cdµt ≤ lim inf
t→t0
b(t).
Then
b(t0) = sup
i
∫
Ki∩Mt0
|f |−2cdµt0 ≤ lim inf
t→t0
b(t).
Namely, b(t) is lower semi-continuous on ∆. Since b(t) > 0 for any t, there exists
C > 0 such that b(t) > C for t ∈ ∆. In particular, for c = 0, Vt > C for t ∈ ∆.
For the case c > 0 and f |Mt0 ≡ 0, b(t0) = +∞. By Vt > C > 0, it is easy to
see that lim
t→t0
b(t) = +∞. ✷
Assume that M ⊂ Cm is a closed analytic subvariety of BR ⊂ Cm for
sufficiently large R > 0. (M would be a local neighborhood of our M. In this
subsection, M is considered a metric subspace of Cm with the standard metric.
The proof of Proposition 2.2 implies that such metrics onM would be mutually
quasi-isometric for different embeddings.) For any closed subset D ⊂ Cm, define
‖f‖D := supz∈D |f(z)|. A conic family of holomorphic functions on D is called
projectively compact (resp. pre-compact), if (resp. the closure of) any closed
subset of the family, bounded under ‖ · ‖D, is compact.
Let M be a normal analytic variety, then it is locally irreducible. There is
a canonical stratification M =
n⋃
i=0
M (i), M (i) is a i-dimensional open manifold.
Sing(M) =
n−1⋃
i=0
M (i) is the singular part of M , M (n) is the smooth part of
M , and M = M (n) ∪ Sing(M). We say M is locally homogeneous, if for any
p ∈ M (i), there is an open neighborhood U of p in M and an isomorphism
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U ∼= (U ∩M (i))× Ui, where Ui ⊂ Cmi is a homogeneous subvariety. For exam-
ple, a homogeneous subvariety in Cm with isolated singularity at the origin is a
locally homogeneous variety.
Lemma 3.5 Let M ⊂ Cm be a homogeneous subvariety, and P be a projectively
pre-compact family of holomorphic function on B1 ∩ M , then P˜ consists of
f˜(z) = f(rz) for f ∈ P and 0 ≤ r ≤ 1, is a projectively pre-compact family of
holomorphic function on B1 ∩M .
Proof: Assume (rk, fk)→ (r0, f0), and l0 ≥ 0 is the smallest integer such that
the degree l0 term f
[l0]
0 6= 0. Let f˜k(z) = ckfk(rkz) so that ‖f˜k‖M∩B1 = 1.
{f˜k} is clearly projectively pre-compact when r0 6= 0. When r0 = 0, one has
f˜
[>l0]
k → 0. On the other hand, {f˜ [≤l0]k } being a subset of a finite dimensional
vector space is clearly projectively pre-compact. ✷
Lemma 3.6 Let P be a projectively pre-compact family of holomorphic function
on B1 ∩M , which is irreducible. Then for any D ⊂ M ∩ B1 with non-empty
interior, PD consisting of f |D for f ∈ P is a projectively pre-compact family of
holomorphic functions on D.
Proof: For any {fk} ⊂ P , by taking subsequence and scaling, we may assume
fk → f0 6≡ 0. Then fk|D → f0|D. Since M is irreducible and D has nonempty
interior, we have f0|D 6= 0. Hence PD is projectively pre-compact. ✷
Lemma 3.7 Let M ⊂ Cm be a homogeneous subvariety, (B′a, 0) ⊂ (Cm
′
, 0) be
a ball, and P be a projectively pre-compact family of holomorphic function on
B′a× (B1∩M) ⊂ Cm
′+m, then P˜ consists of f˜(z) = f(p+rz) for f ∈ P , p ∈ B′a
and 0 ≤ r + |p|/a ≤ 1/2, is a projectively pre-compact family of holomorphic
function on B′a/2 × (B1 ∩M).
Proof: Assume (pk, rk, fk) → (p0, r0, f0) with rk + |pk|/a ≤ 1/2. Let fˆk(z) =
fk(z + pk). Since {fk} is uniformly continuous, (0, rk, fˆk) → (0, r0, fˆ0), {fˆk}
is pre-compact on B′a/2 × (B1 ∩M), and Cm
′ ×M is homogeneous in Cm′+m,
lemma 3.5 implies that {f˜k} is also projectively pre-compact on B′a/2×(B1∩M),
where f˜k(z) = ckfk(pk + rkz) = ckfˆk(rkz) so that ‖f˜k‖B′
a/2
×(B1∩M) = 1. ✷
Lemma 3.8 Let M ⊂ Cm be a subvariety. For R > 1 and a projectively pre-
compact family P of holomorphic function on M∩D, where BR ⊂ D and M∩D
is irreducible, there exists C1 > 0, such that for any f ∈ P satisfying f 6= 0 on
M ∩B1, |f(0)| = 1, we have ‖f‖M∩BR ≤ C1.
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Proof: If the assertion is not true, then there exists fk ∈ P , such that ‖fk‖M∩BR →
+∞. Consequently,mk = ‖fk‖M∩D → +∞. Let gk = fk/mk. Then ‖gk‖M∩D =
1. Since P is a projectively pre-compact family, we may assume gk → g0, then
g0(0) = 0, g0 6≡ 0. Since M ∩ D is irreducible, g0 6≡ 0 in a neighborhood of
0 ∈ M . Take a smooth curve Y in M passing through 0 such that g0|Y is not
identically zero near 0. Since g0(0) = 0, by residue theorem, B1 ∩ Y ∩ g−1k (0) is
non-empty for k large enough, which is a contradiction. ✷
Corollary 3.2 Assume that M ⊂ Cm is a homogeneous subvariety that is lo-
cally homogeneous. Let f be holomorphic function onM such that f |Sing(M) ≡ 0.
Then for R > 1 there exists C > 0 such that for any p ∈ M , ‖f‖M∩BRrp(p) ≤
C|f(p)|, where rp = Dist(p,M0), M0 = f−1(0).
Proof: If the corollary is not true, then there exists pk ∈M such that ‖f‖BRrpk (pk) ≥
k|f(pk)|. For induction purpose, let fk = f , then rpk = Dist(pk,M ∩ f−1k (0)).
Clearly, {fk} is projectively pre-compact on M .
By possibly taking subsequence, we may assume that pk → p0 such that
p0 ∈ M (j). Take the local homogenous neighborhood U ∼= (U ∩M (j)) × Uj of
p0 ∈ M (j) with the embedding (x, y) : U → (U ∩M (j))× Cm with coordinates
x on U ∩M (j) and y on Cm such that x(p0) = 0. One may assume B′a × (B1 ∩
Uj) ⊂ U . By lemma 3.6, {fk} is projectively pre-compact on B′a × (B1 ∩ Uj).
|y(pk)| + |x(pk)|/a → 0, hence ≤ 1/2 for k large. Let f˜k(x, y) = ckfk(x(pk) +
|y(pk)|x, |y(pk)|y) so that |f˜k(p˜k)| = 1, where (x, y)(p˜k) = (0, y(pk)/|y(pk)|),
which implies that Dist(p˜k,M
(j)) = 1. By lemma 3.7, {f˜k} is a projectively
pre-compact family on B′a/2 × (B1 ∩ Uj). f |Sing(M) ≡ 0 implies that rpk ≤
Dist(pk,M
(j))→ 0. Hence for k large, BRrpk (pk) ⊂ D := B′a/2 × B1. Without
lost of generality, we may assume p˜k → p˜0 ∈ M (j′) for j′ > j. We now replace
(fk, pk, j) with (f˜k, p˜k, j
′). We still have ‖fk‖BRrpk (pk) ≥ k|fk(pk)|.
This process can be repeated. Since j′ > j, the precess has to stop when
j′ = n. Then we have pk → p0 ∈ M (n), |fk(pk)| = 1, Dist(pk,M (j)) = 1,
{fk} is a projectively pre-compact family on B′a/2 × (B1 ∩ Uj) = M ∩ D and
BRrpk (pk) ⊂ D for k large. By lemma 3.7, {f˜k(z) = fk(pk + rpkz)} is a projec-
tively pre-compact family on M ∩BR. Apply lemma 3.8, to the family {f˜k(z)},
we have ‖fk‖BRrpk (pk) ≤ C1|fk(pk)| for certain C1 > 0, which is a contradiction.
✷
For ρ ≥ 0, let M∆ρ = f−1(∆ρ), where ∆ρ = {t ∈ C : |t| ≤ ρ}.
Lemma 3.9 There exists constants N,C > 0 such that for any ρ > 0, one can
find a locally finite cover {B2ri(pi)}i∈I of M∆ρ \M0 with the property that for
any p ∈M∆ρ , the number of i such that p ∈M∆ρ∩B2ri(pi) is less than N . Fur-
thermore, if M ⊂ Cm is a homogeneous subvariety that is locally homogeneous,
we have sup
B2ri (pi)
|f | ≤ Cρ for all i.
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Proof: For p ∈ M∆ρ, let rp := d(p,M0). Find p1 ∈ M∆ρ such that rp1 =
maxp∈M∆ρ rp. By induction, we can find pi ∈M∆ρ such that
rpi = max
p∈Mρ,i
rp, where Mρ,i =M∆ρ
∖
i−1⋃
j=1
B2rpj (pj).
For any p ∈ M∆ρ, let Ip denote the set of k such that p ∈ B2rpk (pk).
For any i, j ∈ Ip, assume j < i, then pi 6∈ B2rpj (pj), d(pi, pj) ≥ 2rj ≥
max(d(p, pi), d(p, pj)). Hence ∠pippj ≥ π/3. This implies that |Ip| ≤ N(n).
If there is p′ ∈ M∆ρ \M0 such that p′ 6∈ B2rpi (pi) for all i, then by our
construction, {pi} is an infinite set and rpi ≥ rp′ = d(p′,M0) > 0 for all i. Notice
that {Brpi (pi)} are disjoint. These last 3 statements form a contradiction.
Hence {B2rpi (pi)} covers Mt for 0 < |t| < ρ.
If M ⊂ Cm is a homogeneous subvariety that is locally homogeneous, by
corollary 3.2, there exists C > 0 such that sup
B2ri (pi)
|f | ≤ Cρ for all i. ✷
Theorem 3.2 Assume thatM ⊂ Cm is a homogeneous subvariety that is locally
homogeneous, and M0 is irreducible with only canonical singularities, ψ :M →
C is holomorphic and is not identically zero on M0. Then for ǫ > 0 small
enough, there exists C > 0 such that for any ρ ≥ 0,∫
M∆ρ
dµ
|ψ|2ǫ ≤ Cρ
2, where M∆ρ = π
−1(∆ρ).
Proof: By Proposition 2.1, we only need to prove that there exists C > 0 such
that ∫
M∆ρ
dµ
|ψ|2ǫ ≤ Cρ
2
∫
M0
dµ0
|ψ|2ǫ .
If it is not true, then there exist ρk such that∫
M∆ρk
dµ
|ψ|2ǫ ≥ kρ
2
k
∫
M0
dµ0
|ψ|2ǫ .
By lemma 3.9, one may find locally finite cover {B2rk,i(pk,i)}i∈Ik of M∆ρk \M0
with rk,i = Dist(pk,i,M0), and constants N,C > 0 (independent of k) such that
for any p ∈ M0, the number of i such that p ∈ M0 ∩ B2rk,i(pk,i) is less than
N , and sup
B2rk,i (pk,i)
|f | ≤ Cρk. Then there exists ik ∈ Ik (with rk := rk,ik and
pk := pk,ik) such that∫
M∆ρk
∩B2rk (pk)
dµ
|ψ|2ǫ ≥
kρ2k
N
∫
M0∩B2rk (pk)
dµ0
|ψ|2ǫ .
Normalize B2rk(pk) to B2(0), (f, ψ, ρk) is accordingly normalized to (fk, ψk, ρ˜k)
so that sup
B2(0)
|fk| = sup
B2(0)
|ψk| = 1, and ρ˜k ≥ 1/C. Let Xkt = f−1k (t) and Xk∆ρ =
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f−1k (∆ρ). By our construction, X
k
0 ∩B1(0) 6= ∅, hence Vol(Xk0 ∩B2(0)) ≥ C > 0.
(For simplicity, we still use Ωt and Ω to denote the corresponding normalized
Calabi-Yau forms.) Then∫
B2(0)
dµ
|ψk|2ǫ ≥
∫
Xk∆ρ˜k
∩B2(0)
dµ
|ψk|2ǫ ≥
k
NC2
∫
Xk0∩B2(0)
dµ0
|ψk|2ǫ
≥ k
NC2
∫
Xk0∩B2(0)
1
|dfk|2|ψk|2ǫ ≥ CkVol(X
k
0 ∩B2(0)) ≥ Ck.
Since fk and ψk are polynomials with bounded degree. By taking subsequence,
we may assume (fk, ψk, ρ˜k)→ (f0, ψ0, ρ˜0). (Notice that ρ˜0 6= 0.) Then∫
B2(0)
dµ
|ψ0|2ǫ = limk→+∞
∫
B2(0)
dµ
|ψk|2ǫ = +∞.
This is a contradiction. ✷
Consider Cm with the weighted C∗-action ρt(z) = (tw1z1, · · · , twmzm) with
the weight vector w = (w1, · · · , wm) ∈ Zm+ . (For convenience, we would use
Cmw to denote C
m with the weighted action, and Cm to refer to the usual ac-
tion, where all wi = 1.) There is a natural w-homogeneous branched covering
φw : C
m
w → Cm of weight [w] (the smallest common multiple of all wi) defined
as φw,i(z) = z
[w]/wi
i . For M ⊂ Cm that is w-homogeneous, φw(M) ⊂ Cm is
homogeneous. In the rest of this section, we mainly concern M ⊂ Cm that is
w-homogeneous. (Without lost of generality, we may assume that ρtM ⊂ M
for |t| ≤ 1.) When M is normal, a w-homogeneous holomorphic function on
smooth part of M can be extended to a w-homogeneous holomorphic function
on Cm, hence defines a w-homogeneous holomorphic function on M .
Proposition 3.3 Assume that M ⊂ Cm is w-homogeneous, f and ψ are w-
homogeneous holomorphic functions on M of weight wf and wψ, and for any
0 ≤ r ≤ 1, ∫
M∆(r)
dµ
|ψ|2ǫ =
∫
∆(r)
dtdt¯
∫
Mt
dµt
|ψ|2ǫ ≤ Cr
2.
Then there exists C > 0 such that for |t| ≤ 1,
It =
∫
Mt
dµt
|ψ|2ǫ ≤ C.
Proof: For |t| ≤ 1, ρt/r(Mr) ⊂Mt.
It =
∫
Mt
dµt
|ψ|2ǫ ≥
∫
ρt/r(Mr)
dµt
|ψ|2ǫ = (
|t|
r
)a
∫
Mr
dµr
|ψ|2ǫ = (
|t|
r
)aIr,
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where a = 2(w0 + · · ·+ wm − wf − ǫwψ). Then
Cr2 ≥
∫
∆(r)
ItdµC ≥ Ir
∫
∆(r)
(
|t|
r
)adµC =
2π
2 + a
r2Ir, (a > −2).
Hence Ir ≤ (2 + a)C/2π. ✷
Proposition 3.4 Assume M ⊂ Cm and f a holomorphic function on Cm that
is not identically zero on each connected component of M , then there exists R >
0 and a w-homogeneous map Cm → Cn (which can be made a linear projection
in the homogeneous case) such that for any t, the induced map Mt∩BR(0)→ Cn
is a branched covering.
Proof: There is a natural equivariant branched covering φw : C
m
w → Cm.
φw(M) is a closed subscheme of C
m. By Noether normalization theorem,
there exists a linear projection Cm → Cn+1 that induces a branched covering
φw(M)→ Cn+1. The composition p˜ :M → Cn+1 is also a branched covering.
Assume f satisfies p(f) := f l + al−1f l−1 + · · ·+ a0 = 0, then p˜(Mt) is con-
tained in the divisor Dp(t) (in particular, p˜(M0) is contained in the divisor Da0).
By Weierstrass preparation theorem, there exists a projection Cn+1 → Cn that
restricts to branched coverings {p(t) = 0} → Cn. The composition gives the
desired w-homogeneous map M → Cn. ✷
Corollary 3.3 Assume M ⊂ Cmw is a quasi-homogeneous normal variety with
weight w, f a holomorphic function on M , then there exists R > 0 and a linear
projection M → Cn such that for any t, the induced map Mt ∩ BR(0) → Cn is
a branched covering.
Proof: Under the condition, f can be extended to a holomorphic function on
Cm. Then we are in the situation of proposition 3.4. ✷
Corollary 3.4 Assume M ⊂ CPNw × ∆ is a closed subvariety. There exists a
smaller disk ∆′ ⊂ ∆ and a map CPNw → CPn such that for any t ∈ ∆′, the
induced map Mt → CPn is a branched covering.
Proof: Consider M˜ ⊂ CN+1×∆ ⊂ CN+2 that projectivizes to M ⊂ CPNw ×∆.
Use the branched covering φ˜w = φw × id∆ : CN+1w ×∆→ CN+1 ×∆, φ˜w(M˜) ⊂
CN+1×∆ is a closed subscheme that is homogeneous on CN+1-direction. Apply
proposition 3.4, there exists R > 0 and a linear projection φ˜(M˜)→ Cn+1 such
that for any t, the induced map φ˜(M˜t)∩BR(0)→ Cn+1 is a branched covering.
Notice that M˜t ∩ BR(0) → Cn+1 is w-homogeneous, hence can be homoge-
neously extended to a branch covering M˜t → Cn+1 if (0, t) ∈ M˜t ∩ BR(0). For
t ∈ ∆′ := {t ∈ ∆ : |t| < R}, (0, t) ∈ M˜t ∩BR(0), which implies that Mt → CPnw
is a branched covering. ✷
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The following lemma indicates that being quasi-homogeneous is not as re-
strictive as it seems.
Lemma 3.10 Consider (M, 0) with a C∗-action fixing 0 and f = hg, where h
is a nowhere zero holomorphic function and g is a C∗-equivariant function with
degree d. There exists a map F : M → M that is biholomorphic near 0, and
f ◦ F = g.
Proof: f(z) = h(z)g(z) = g(h1/d(z)z). F−1(z) = h1/d(z)z :M →M is biholo-
morphic near z = 0. Hence f ◦ F = g. ✷
4 Gromov-Hausdorff convergence of Calabi-Yau
manifolds
In this section, we prove Theorem 1.1 and Corollary 1.1. First, we prove the
following general result.
Theorem 4.1 Let (Mk, gk) be a family of Riemannian n-manifolds, and (N, dN )
be a compact path metric space. Assume that
(i) There are two constants C > 0 and κ > 0 independent of k such that
Ric(gk) ≥ −Cgk, and Volgk(Bgk(p, r)) ≥ κrn,
for any metric ball Bgk(p, r).
(ii)
0 < lim
k→∞
Volgk(Mk) = Hn(N) <∞,
where Hn(N) is the n-Hausdorff measure of (N, dN ).
(iii) There is a dense open subset N0 ⊂ N such that dimHN\N0 ≤ n− 2, and
N0 is a smooth manifold. There is a C
1,α-Riemannian metric g on N0
such that, for any x and y ∈ N0, there is a minimal geodesic γ in N0
connecting x and y satisfying dN (x, y) = lengthg(γ).
(iv) There are smooth embeddings Fk : N0 → Mk such that, for any compact
subset K ⊂ N0, F ∗k gk C1,α-converges to g on K.
Then
lim
k→∞
dGH((Mk, gk), (N, dN )) = 0,
where dGH denotes the Gromov-Hausdorff distance.
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Note that the assumptions (i) and (ii) imply that the diameters of (Mk, gk)
are uniformly bounded from above. By Gromov’s precompactness theorem (c.f.
[28]), a subsequence of {(Mk, gk)} converges to a compact length metric space
(Y, dY ) in the Gromov-Hausdorff topology. Since Fk are diffeomorphisms from
N0 to their images Fk(N0), we do not distinguish between N0 and Fk(N0) in
this section.
Lemma 4.1 There exists an embedding f : N0 → Y which is a locally isometry,
i.e. for any compact subset K ⊂⊂ N0, there is a δ > 0 such that, for any p1,
p2 ∈ K with dN (p1, p2) < δ, we have dN (p1, p2) = dY (f(p1), f(p2)).
Proof: For any i > 0, let Wi = {x ∈ N0|dN (x,N\N0) ≥ 1i }. Since, when
k → ∞, gk converges to g in the C1,α-sense on a fixed Wi, by passing to a
subsequence, we can assume that
‖gk − g‖C1(g) ≤ 1
k
,(4.1)
on Wi.
Since {(Mk, gk)} converges to (Y, dY ) in the Gromov-Hausdorff topology,
by passing to a subsequence, we assume that dGH((Mk, gk), (Y, dY )) <
1
2k .
There are 1k -Hausdorff approximations ψk : Mk → Y for each k, i.e. Y ⊂{y|dY (y, ψk(Mk)) < 1k} and
|dMk(q1, q2)− dY (ψk(q1), ψk(q2))| <
1
k
,(4.2)
for any q1, q2 ∈Mk, where dMk is the distance function induced by gk.
Let A be a countable dense subset ofN . Then, for any i, A∩Wi is a countable
dense subset of Wi. Now, we define a map fi from A ∩Wi = {a1, a2, · · ·} to Y .
For a1, a subsequence {ψk1(a1)} of {ψk(a1)} converges to a point b1 ∈ Y since
Y is compact. Let fi(a1) = b1. For a2 and (A ∩Wi, dMk1 ), by repeating the
above procedure, we obtain that a subsequence {ψk2(aj)}, j = 1, 2, converges to
bj ∈ Y , j = 1, 2, respectively. Define fi(a2) = b2. By repeating this procedure
and the standard diagonal argument, we can find a subsequence of (Mk, gk),
denoted by (Mk, gk) also, such that dGH((Mk, gk), (Y, dY )) <
1
2k , and ψk(aj)
converges to bj ∈ Y , i.e. dY (ψk(aj), bj)→ 0 when k →∞. For any aj ∈ A∩Wi,
define fi(aj) = bj .
Now, we prove that fi :Wi−1∩A→ Y is injective. If it is not true, there are
x, y ∈Wi−1∩A such that fi(x) = fi(y). By (4.2), and passing to a subsequence,
lengthgk(γk) = dMk(x, y) <
1
k
+ dY (ψk(x), ψk(y)) <
3
k
,
where, for any k, γk is the minimal geodesic connecting x and y in (Mk, gk). By
(4.1), we have√
1− 1
k
lengthg(γk ∩Wi−1) ≤ lengthgk(γk ∩Wi−1) ≤ lengthgk(γk) <
3
k
.
33
If there is a subsequence of k such that γk ∩ (Mk\Wi−1) are not empty,√
1− 1
k
(dN (x, ∂Wi−1) + dN (y, ∂Wi−1)) ≤
√
1− 1
k
lengthg(γk ∩Wi−1) <
3
k
.
By taking k ≫ 1, it is a contradiction. Thus γk ⊂Wi−1 for k ≫ 1, and,√
1− 1
k
dN (x, y) ≤
√
1− 1
k
lengthg(γk) <
3
k
,
which is also a contradiction. Hence fi :Wi−1 ∩ A→ Y is injective.
Note that there is a ri > 0 such that, for any q ∈Wi, the metric ball Bg(q, ri)
is a geodesic convex set ([43]). By taking ri <
1
i(i−1) , for any q1, q2 ∈Wi−1 with
dN (q1, q2) ≤ ri, there is a unique minimal geodesic γs ⊂ Wi connecting q1 and
q2 such that dN (q1, q2) = lengthg(γs). Thus, by (4.1), we obtain that
dMk(q1, q2) ≤ lengthgk(γs) ≤
√
1 +
1
k
lengthg(γs) =
√
1 +
1
k
dN (q1, q2).
By reversing the roles of g and gk, and the same argument as above, we have
dN (q1, q2) ≤
√
1 +
1
k
dMk(q1, q2).
Note that, for any a1, a2 ∈ A ∩Wi−1 with dN (a1, a2) ≤ ri,
dY (b1, b2) ≤ dY (b1, ψk(a1)) + dY (ψk(a1), ψk(a2)) + dY (ψk(a2), b2), and
dY (b1, b2) ≥ dY (ψk(a1), ψk(a2))− dY (b1, ψk(a1))− dY (ψk(a2), b2).
Thus, by (4.2),
dY (b1, b2) ≤ dY (b1, ψk(a1)) +
√
1 +
1
k
dN (a1, a2) + dY (ψk(a2), b2) +
1
k
, and
dY (b1, b2) ≥ (1 + 1
k
)−
1
2 dN (a1, a2)− dY (b1, ψk(a1))− dY (ψk(a2), b2)− 1
k
.
By letting k →∞, we obtain that
dY (b1, b2) = dN (a1, a2).
Hence we can extend fi uniquely to a continuous map fi : Wi−1 → Y , which is
injective, and satisfies that
dY (fi(q1), fi(q2)) = dN (q1, q2),
for any q1, q2 ∈ Wi−1 with dN (q1, q2) ≤ ri.
By the same arguments as above, we can find a ri+1 > 0, and a continuous
map fi+1 :Wi → Y , which is injective, satisfies that
dY (fi+1(q1), fi+1(q2)) = dN (q1, q2),
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for any q1, q2 ∈ Wi with dN (q1, q2) ≤ ri+1. Furthermore, from the construc-
tion, we can assume that fi+1|Wi−1 = fi. Thus we get a family of maps
fi+1 : Wi → Y . Define f : N0 → Y by f(q) = fi(q) if q ∈ Wi−1. We ob-
tain the conclusion. ✷
This lemma implies that
lengthg(γ) = lengthdY (f(γ)),(4.3)
if γ is a smooth curve in N0.
Lemma 4.2 There is a continuous surjective map f˜ : N → Y such that f˜ |N0 =
f .
Proof: Note that N0 is dense in N . Let x ∈ N , and {xj} ⊂ N0 be a sequence
of points converging to x. For any xj , xj+l ∈ {xj}, there is a minimal geodesic
γj,j+l ⊂ N0 connecting xj and xj+l with lengthg(γj,j+l) = dN (xj , xj+l) from
the assumption. By (4.3),
dY (f(xj), f(xj+l)) ≤ lengthdY (f(γj,j+l)) = lengthg(γj,j+l) = dN (xj , xj+l).
Hence {f(xj)} is a Canchy sequence, and we denote the limit as y. If {x′j} ⊂ N0
is another sequence of points converging to x, and γj are minimal geodesics
connecting xj and x
′
j in N0, then
dY (f(xj), f(x
′
j)) ≤ lengthdY (f(γj)) = lengthg(γj) = dN (xj , x′j)→ 0,
when j → ∞. Thus {f(x′j)} converges to y too. Define f˜(x) = y, and, clearly,
f˜ is a continuous map from N to Y from the construction.
We claim that f˜(N) is closed in Y . Let {yj} ⊂ f˜(N) be a sequence of
points converging to y in Y . From the construction above, for any j, there is a
sequence of points {xj,i} ⊂ N0 such that dY (yj , f(xj,i)) → 0 when i → ∞. By
the standard diagonal argument, we can find a sequence of points {xj,ij} ⊂ N0,
and a point x ∈ N such that
dN (xj,ij , x)→ 0, and dY (y, f(xj,ij ))→ 0,
when j → ∞. By the construction of f˜ , y = f˜(x), and, thus, f˜(N) is closed in
Y .
Now, we prove that f˜ is surjective. If f˜ is not surjective, there is a point
y ∈ Y \f˜(N), and a δ > 0 such that the intersection of the metric ball BdY (y, δ)
and f˜(N) is empty. Let Bgk(yk, δ) be metric δ-balls of (Mk, gk) such that
Bgk(yk, δ) converges to BdY (y, δ) under the convergence of (Mk, gk) to (Y, dY ).
Now we need the volume convergence theorem duel to Colding and Cheeger:
Theorem 4.2 ([12] [13]) Let (Mk, gk, yk) be a family of Riemannian n-manifolds,
which converges to a compact path metric space (Y, dY , y). If there are two con-
stants C > 0 and κ > 0 independent of k such that
Ric(gk) ≥ −Cgk, and Volgk(Bgk(p, δ)) ≥ κδn,
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for any metric ball Bgk(p, δ), then
lim
k→∞
Volgk(M) = Hn(Y ) and lim
k→∞
Volgk(Bgk(yk, δ)) = Hn(BdY (y, δ)),(4.4)
where Hn denotes the Hausdorff measure.
By this theorem and the assumptions, we obtain that
Hn(Y ) = Hn(N) and Hn(BdY (y, δ)) ≥ κδn.(4.5)
Since dimHN\N0 ≤ n − 2, the n-dimensional Hausdorff measure of N\N0 is
zero, i.e. Hn(N\N0) = 0, and
Hn(N) = Volg(N0).
From Lemma 4.1, f is a locally isometry, i.e. for any compact subset K ⊂⊂ N0,
there is a δ′ > 0 such that, for any p1, p2 ∈ K with dN (p1, p2) < δ′, we have
dN (p1, p2) = dY (f(p1), f(p2)). Thus, for any y ∈ f(N0), the tangent cone Yy is
Rn, and the n-Hausdorff measure Hn is the Riemannian measure induced by g
on f(N0). Hence
Volg(N0) = Hn(Y ) ≥ Hn(f(N0))+Hn(BdY (y, δ)) ≥ Volg(N0)+κδn > Volg(N0).
It is a contradiction. ✷
Lemma 4.3 f˜ : (N, g)→ (Y, dY ) is an isometry , i.e. for any p1, p2 ∈ N ,
dN (p1, p2) = dY (f˜(p1), f˜(p2)).
Proof: Note that f˜ is a uniformly continuous map, since N is compact. For
any p1, p2 ∈ N , there are sequences of points {pj,i} ⊂ N0, j = 1, 2, such that
dN (pj,i, pj) → 0 when i → ∞. Thus dY (f(pj,i), f˜(pj)) → 0, j = 1, 2, when
i → ∞. From the assumption, there is a minimal geodesic γi connecting p1,i
and p2,i in N0, which satisfies that lengthg(γi) = dN (p1,i, p2,i). By (4.3),
dY (f(p1,i), f(p2,i)) ≤ lengthdY (f(γi)) = lengthg(γi) = dN (p1,i, p2,i).
Thus
dY (f˜(p1), f˜(p2)) ≤ dY (f(p1,i), f(p2,i)) + dY (f(p1,i), f˜(p1)) + dY (f(p2,i), f˜(p2))
≤ dY (f(p2,i), f˜(p2)) + dY (f(p1,i), f˜(p1)) + dN (p1,i, p2,i)
≤ dN (p1, p2) +
∑
(dY (f(pj,i), f˜(pj)) + dN (pj,i, pj)).
By letting i→∞, we obtain that
dY (f˜(p1), f˜(p2)) ≤ dN (p1, p2).(4.6)
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If SN = N\N0 and SY = Y \f(N0), then f˜(SN ) ⊃ SY since f˜ is surjective.
Since dimH SN ≤ n− 2, the n− 1-dimensional Hausdorff measure of SN is zero,
i.e. Hn−1(SN ) = 0. For any η > 0, and any collection of countable coverings,
{Bg(qν , rν)}, of SN with rν ≤ η, by (4.6), f˜(Bg(qν , rν)) ⊂ BdY (f˜(qν), rν), and
{BdY (f˜(qν), rν)} is a covering of SY . Thus
Hn−1η (SY ) ≤ ̟n−1
∑
ν
rn−1ν ,
where ̟n−1 is the volume of 1-ball in Euclidean space Rn−1. We have
Hn−1η (SY ) ≤ inf{Bg(qν ,rν)}̟n−1
∑
ν
rn−1ν = Hn−1η (SN ),
and
Hn−1(SY ) = lim
η→0
Hn−1η (SY ) ≤ lim
η→0
Hn−1η (SN ) = Hn−1(SN ) = 0.
Hence the n−1-dimensional Hausdorff measure of SY is zero, i.e. Hn−1(SY ) = 0.
We need the following theorem:
Theorem 4.3 (Theorem 3.7 in [14]) Let (Mk, gk, yk) and (Y, dY , y) be the
same as in Theorem 4.2, and B be a closed subset of Y with Hn−1(B) = 0.
If x1 ∈ Y \B, then, for Hn-almost all x2 ∈ Y \B, there is a minimal geodesic
connecting x1 and x2 which lies in Y \B.
This theorem implies that, for any x1, x2 ∈ Y \SY , any ε > 0, there is an
x′2 ∈ Y \SY such that there is a minimal geodesic connecting x2 and x′2 in
Y \SY , and dY (x2, x′2) < ε. Hence we can find a curve γ¯ connecting x1 and x2
in Y \SY such that
lengthdY (γ¯) ≤ dY (x2, x′2) + dY (x1, x2) ≤ ε+ dY (x1, x2).
If there is an i such that dY (f(p1,i), f(p2,i)) < lengthdY (f(γi)), there is a
curve γ¯ connecting f(p1,i), f(p2,i) such that γ¯ ⊂ f(N0), and
lengthdY (γ¯) ≤ dY (f(p1,i), f(p2,i)) +
1
2
̺ < lengthdY (f(γi)),
where ̺ = lengthdY (f(γi))− dY (f(p1,i), f(p2,i)). It contradicts to that f(γi) is
the minimal geodesic in (f(N0), dY ). Thus, for any i,
dY (f(p1,i), f(p2,i)) = lengthdY (f(γi)) = dN (p1,i, p2,i),
and
dY (f˜(p1), f˜(p2)) ≥ dY (f(p1,i), f(p2,i))− dY (f(p2,i), f˜(p2))− dY (f(p1,i), f˜(p1))
≥ dN (p1,i, p2,i)− dY (f(p2,i), f˜(p2))− dY (f(p1,i), f˜(p1))
≥ dN (p1, p2)−
∑
(dY (f(pj,i), f˜(pj)) + dN (pj,i, pj)).
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By letting i→∞, we obtain that
dY (f˜(p1), f˜(p2)) ≥ dN (p1, p2),
and, thus,
dY (f˜(p1), f˜(p2)) = dN (p1, p2).
We obtain that f˜ is injective, and is an isometry. ✷
Proof of Theorem 4.1: If it is not true, there is a subsequence of (Mk, gk),
denoted by (Mk, gk) also, such that dGH((Mk, gk), (N, dN )) > C, for a constant
C > 0. By Gromov’s precompactness theorem (c.f. [28]), a subsequence of
{(Mk, gk)} converges to a compact length metric space (Y, dY ) in the Gromov-
Hausdorff topology, which satisfies dGH((Y, dY ), (N, dN )) > C. It contradicts
to Lemma 4.3. ✷
Now we prove Theorem 1.1.
Proof of Theorem 1.1: Let N be a Calabi-Yau n-variety, which admits a
crepant resolution (M,π), α ∈ H1(N,PHN ) be a class represented by a smooth
Ka¨hler form on N , and g be the unique singular Ricci-flat Ka¨hler metric with
Ka¨hler form ω ∈ α. Assume that the path metric structure of (N\S, g) extends
to a path metric structure dN on N such that the Hausdorff dimension of S
satisfies dimH S ≤ 2n − 4, and N\S is geodesic convex in (N, dN ), where S
is the singular set of N , i.e. for any x, y ∈ N\S, there is a minimal geodesic
γ ⊂ N\S connecting x and y satisfying lengthg(γ) = dN (x, y). Let gk be
a family of Ricci-flat Ka¨hler metrics on M with Ka¨hler forms ωk such that
[ωk]→ π∗α in H1,1(M,R) when k →∞.
Note that
lim
k→∞
Volgk(M) = Volg(N\S),(4.7)
and lim
k→∞
∫
M
ωk ∧ ωn−11 = 〈π∗[ω] ∧ [ω1]n−1, [M ]〉.
By Theorem 3.1 and Bishop-Gromov comparison theorem, we obtain that
diamgk(M) ≤ C1,
and, for any metric ball Bgk(r),
Volgk(Bgk(r)) ≥
Volgk(M)
diam2ngk (M)
r2n ≥ C2r2n,(4.8)
where C1 and C2 are two constants independent of k. Since dimH S ≤ 2n− 4,
Volg(N\S) = H2n(N). By Theorem 2.4 (Theorem 1.1 in [55]), {gk} converges
to π∗g on any compact subset K ⊂⊂ π−1(N\S) in the C∞ sense. Thus the
conclusion is a directly consequence of Theorem 4.1. ✷
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Proof of Corollary 1.1: Let N be a compact Calabi-Yau n-orbifold with
H2(N,ON ) = {0}, g be a Ricci-flat Ka¨hler metric on N , ω be the Ka¨hler form
of g. Assume that N admits a crepant resolution (M,π). By Lemma 2.1, there
is a smooth (1, 1)-form ω0 in the sense of orbifold forms, which is a smooth
Ka¨hler form in the sense of Section 5.2 in [22]. By the uniqueness part of Theo-
rem 7.5 of [22], g is the unique Ricci-flat Ka¨hler metric on N with Ka¨hler form
ω = ω0 +
√−1∂∂ϕ0 for a continuous function ϕ0 on N . Note that (N, g) is a
compact metric space, the smooth part N0 of N is geodesic convex in N (c.f.
[8]), and dimRN\N0 ≤ 2n−4 since N\N0 is a subvariety of N . Hence we obtain
Corollary 1.1 from Theorem 1.1. ✷
5 Convergence of Calabi-Yau manifolds under
smoothing
LetM0 be a projective Calabi-Yau n-variety, and S be the set of singular points
of M0. Assume that M0 admits a smoothing π :M→ ∆ in CPN over the unit
disc ∆ = {t ∈ C||t| < 1}. (See section 1 for precise definition.) Recall that we
assumed further that the canonical bundle KM ∼= OM. Let Ω denote the corre-
sponding trivializing section of KM. By the adjunction formula (c.f. [25]), we
have KMt = KM ⊗ [Mt]|Mt ∼= OMt . The corresponding trivializing section can
be expressed locally as Ωt = (ı ∂
∂t
Ω)|Mt . In the following, by a local embedding
i : (M, x0) →֒ (Cn′ , 0), we means an isomorphism of an open neighborhood of
x0 in M with a closed analytic subvariety in B′R := BR(0,Cn
′
) for sufficiently
large R > 0 that maps x0 to 0.
Lemma 5.1 For any x0 ∈ M0, there are m,C1 > 0 and a local embedding
i : (M, x0) →֒ (Cn′ , 0) such that:
(i) For U ′ := M∩ i−1B′1 and U :=M∩ i−1B′2, there is v ∈ C∞(U) so that
ω =
√−1∂∂¯v and inf
∂U
v ≥ C1 + sup
U ′
v.
(ii) There is a holomorphic map p : U → B1(0) ⊂ Cn that restricts to a finite
branched covering p : Mt ∩ U → B1(0) of degree ≤ m for all t ∈ ∆.
(In particular, when x0 6∈ S, p|Mt∩U is an open embedding, such that
(p∗ΩCn)|Mt = cΩt for a constant c > 0 independent of t ∈ ∆.)
Proof: (i) is obvious when M is smooth. When M is not smooth, there is a
local embedding M ⊂ CN such that ω = ω˜|M for a smooth Ka¨hler form ω˜ on
CN . Then (i) is a consequence of the smooth case.
(ii) is a consequence of the local result Corollary 3.3, or the global result
Corollary 3.4 that restricts to U . ✷
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Let g be a smooth Ka¨hler metric with Ka¨hler form ω on M, gt = g|Mt ,
ωt = ω|Mt for any t, and
∫
Mt
ωnt ≡ V for a constant V . By re-normalizing ω,
we assume V = 1 for convenience. By Yau’s theorem on the Calabi conjecture
([56]), for any t 6= 0, there is a unique ϕt ∈ C∞(Mt) such that
(ωt +
√−1∂∂ϕt)n = (−1)
n2
2
Vt Ωt ∧ Ωt, and supMt
ϕt = 0.(5.1)
Proposition 5.1 There are constant m, c¯ > 0 and a finite collection {xα ∈
U ′α ⊂⊂ Uα, vα ∈ PSH(Uα)} with {U ′α} covering M0 such that for each α, xα ∈
M0, ω =
√−1∂∂vα on Uα, inf
∂Uα
vα ≥ c¯ + sup
U ′α
vα, and there is a holomorphic
map pα : Uα → B1(0) ⊂ Cn that restricts to a finite branched covering pα :
Mt ∩ Uα → B1(0) of degree ≤ m for all t ∈ ∆. (In particular, when xα 6∈ S,
p|Mt∩Uα is an open embedding, such that (p∗αΩCn)|Mt = CαΩt for a constant
Cα > 0 independent of t ∈ ∆.)
For any c1, C1 > 0, let Λ = Λc1,C1 be the set of t ∈ ∆ such that Mt is covered
by {Uα} and for each α with xα ∈ S,∫
Uα∩Mt
|fα|−2c1(−1)n
2
2 Ωt ∧Ωt ≤ C1, where fαΩt = p∗αΩCn .(5.2)
Then Λ is closed and there exists C2 > 0 such that for any t ∈ Λ, inf
Mt
ϕt ≥ −C2.
Proof: The first part of the proposition is a direct consequence of Lemma 5.1
using the fact that M0 is compact. Lemma 3.4 implies that Λ is closed.
If ϕt is not uniformly bounded below for t ∈ Λ, there is a sequence tk(∈ Λ)→
0, and a sequence of points xk ∈ Mtk , such that Mtk satisfies the assumption
(5.2) and
ϕk(xk) = inf
Mtk
ϕk → −∞,(5.3)
where ϕk = ϕtk . By passing to a subsequence, we may assume that xk → pα ∈
M0 ∩ U ′α. From now on, our discussions only involve this fixed α.
By the first part of the proposition, there is a vα ∈ PSH(Uα) such that
ω =
√−1∂∂vα on Uα,
inf
∂Uα
vα = 0 and vα(pα) ≤ −c¯.
Let Vk = Uα ∩Mtk . Then, by (5.3), for tk ≪ 1,
vα(xk) + ϕk(xk) ≤ inf
∂Uα∩Mtk
(vα + ϕk)− 2c¯
3
.
Let D = c¯3 − 2ǫ and Qk = vα(xk) + ϕk(xk) + ǫ with ǫ ≪ c¯. U(q) = {y ∈
Vk|vα(y) + ϕk(y) < q} ⊂ U ′′α = {y ∈ Uα|vα(y) ≤ −c¯/3} ⊂⊂ Uα for any
q ∈ [Qk, Qk + D]. In particular, U(q) is not empty and relatively compact
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in Vk. If 0 < ρ < Qk + D − q, and w ∈ PSH(Vk) with −1 ≤ w < 0, then
U(q) ⊂ U˜ = { vα+ϕk−q−ρρ < w} ∩ Vk ⊂ U(q + ρ). By Theorem 2.5,∫
U(q)
(−1)n2 (∂∂w)n ≤
∫
U˜
(−1)n2 (∂∂w)n
≤ ρ−n
∫
U˜
(−1)n2 (∂∂(vα + ϕk))n
≤ ρ−n
∫
U(q+ρ)
(−1)n2 (∂∂(vα + ϕk))n,
thus, for any 0 < ρ < Qk +D − q, we obtain
CapBT(U(q), Vk) ≤ 1
ρn
∫
U(q+ρ)
(−1)n2 (∂∂(vα + ϕk))n = 1
ρnVt
∫
U(q+ρ)
dµt.
(Notice that by our construction, the assumption (5.2) can be easily satisfied if
xα 6∈ S.) Under the assumption (5.2), Lemma 2.4 implies that
CapBT(U(q), Vk) ≤ C
ρn
∫
U(q+ρ)
dµt ≤ C
ρn
CapBT(U(q + ρ), Vk)
h(CapBT(U(q + ρ), Vk)−
1
n )
.
Lemma 2.2 applies to a(q) := CapBT(U(q), Vk) implies that
CapBT(U(Qk +D), Vk) ≥ C > 0.(5.4)
Since U ′′α ⊂⊂ Uα, there exists χ ∈ C∞(M) such that −1 ≤ χ ≤ 0, χ = 0
outside of Uα ⊂ M and χ = −1 on U ′′α . Clearly, for C3 > 0 large enough,
χ ∈ PSHC1ω(M). Apply lemma 2.3, we have
CapBT(U(Qk +D), Vk) ≤ Cn3 Capωtk (U(Qk +D))
Let C4 = − infUα(vα). Then U(Qk+D) = {x ∈ Vk|ϕk(x)+ vα(x) ≤ Qk+D} ⊂
{x ∈Mtk |ϕk(x) ≤ Qk +D + C4} =: U˜ , by Proposition 2.3,
CapBT(U(Qk +D), Vk) ≤ Cn3Capωtk (U˜)
≤ C
n
3
|Qk +D + C4|
(
−
∫
Mtk
ϕkω
n
tk
+ nV
)
<
C
|Qk +D + C4|
This estimate together with (5.4) implies that ϕk(xk) > C. This contradicts
(5.3), and finishes the proof of proposition 5.1. ✷
Lemma 5.2 Under the same situation as in Proposition 5.1, let ω˜t = ωt +√−1∂∂ϕt. For any compact subset K ⊂M\S, there exists a constant CK > 0
independent of t ∈ Λ such that
Cωt ≤ ω˜t ≤ CKωt,
on K ∩Mt, where C > 0 is a constant independent of t ∈ Λ and K.
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Proof: Let ψt : (Mt, ω˜t)→ (M, ω) be the inclusion maps, which are holomor-
phic. Then Yau’s Schwarz lemma says
∆ω˜t log |∂ψt|2 ≥
Ricω˜t(∂ψt, ∂ψt)
|∂ψt|2 −
Rω(∂ψt, ∂ψt, ∂ψt, ∂ψt)
|∂ψt|2 ,
where Rω is the holomorphic bi-sectional curvature of ω (c.f. [6] or [58]). Note
that there is a finite covering {Uα} of M such that, for any α, there is an
embedding iα : Uα →֒ Cmα , and a smooth strongly pluri-subharmonic function
uα on iα(Uα) ⊂ Cmα satisfying that ω|Uα =
√−1∂∂uα ◦ iα. Thus there is a
uniform upper bound for the holomorphic bi-sectional curvature of ω on M\S.
Since |∂ψt|2 = trω˜tωt = n−∆ω˜tϕt and Ricω˜t ≡ 0, we have
∆ω˜t log trω˜tωt ≥ −Rtrω˜tωt,
where R = max{supM\S Rω, 1}. Then
∆ω˜t(log trω˜tωt − 2Rϕt) ≥ −2nR+Rtrω˜tωt.
By the maximum principle, there is a point x ∈ Mt such that trω˜tωt(x) ≤ 2n,
and
log trω˜tωt − 2Rϕt ≤ (log trω˜tωt − 2Rϕt)(x) ≤ log 2n− 2Rϕt(x).
Hence
trω˜tωt ≤ 2ne2R(ϕt−ϕt(x)) ≤ C, and ωt ≤ Cω˜t,
for a constant C > 0 independent of t by Proposition 5.1. Note that, for any
compact subset K ⊂ M\S, there exists a constant C′K > 0 independent of t
such that
ω˜nt =
(−1)n22
Vt Ωt ∧ Ωt ≤ C
′
Kω
n
t ,
on K ∩Mt. We obtain that Cωt ≤ ω˜t ≤ CKωt. ✷
In [22], it is proved that there is a unique continues function ϕˆ0 on M0,
which is smooth on M0\S, satisfying that
(ω0 +
√−1∂∂ϕˆ0)n = (−1)
n2
2
V0 Ω0 ∧ Ω0, sup ϕˆ0 = 0,(5.5)
in the distribution sense on M0, and as smooth forms on M0 \ S, i.e. ω˜0 =
ω0 +
√−1∂∂ϕˆ0 is the unique singular Ricci-flat Ka¨hler form (See Section 2 for
details).
Recall the smooth embedding F : M0\S × ∆ → M constructed in the
introduction. Let Ft := F |M0\S×{t} : M0\S → Mt. For any compact subset
K ⊂M0 \S, F ∗t ωt C∞-converges to ω0, and dF−1t JtdFt C∞-converges to J0 on
K when t→ 0, where Jt (resp. J0) is the complex structure on Mt (resp. M0).
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Theorem 5.1 Under the same situation as in Proposition 5.1, on any com-
pact subset K ⊂ M0 \ S, F ∗t ϕt converges to ϕˆ0 smoothly, when t(∈ Λ) → 0.
Furthermore, the diameters of (Mt, g˜t) have a uniformly upper bound, i.e.
diamg˜t(Mt) ≤ C¯,(5.6)
for a constant C¯ > 0 independent of t ∈ Λ.
Proof: By Proposition 5.1 and Lemma 5.2, for any compact subset K ⊂M\S,
there exist constants C > 0, CK > 0 independent of t such that ‖ϕt‖C0(Mt) ≤ C,
and C−1ωt ≤ ωt +
√−1∂∂ϕt ≤ CKωt. By Theorem 17.14 in [31], we have
‖ϕt‖C2,α(Mt∩K) ≤ C′′K for a constant C′′K > 0, and, furthermore, for any l > 0,
‖ϕt‖Cl,α(Mt∩K) ≤ CK,l for constants CK,l > 0 independent of t by the standard
bootstrapping argument. Thus, by passing to a subsequence, F ∗Ki,kϕtk C
∞-
converges to a smooth function ϕ0 on Ki with ‖ϕ0‖L∞ < C. By the standard
diagram argument, we can extend ϕ0 to a smooth function on M0\S, denoted
by ϕ0 too, which satisfies the equation
(ω0 +
√−1∂∂ϕ0)n = (−1)
n2
2
V0 Ω0 ∧Ω0
and ‖ϕ0‖L∞ < C, where V0 =
∫
M0\S(−1)
n2
2 Ω0∧Ω0. Hence ω˜0 = ω0+
√−1∂∂ϕ0
is a Ricci-flat Ka¨hler form on M0\S.
Let π¯ : M¯0 → M0 be a resolution of M0, which exists by [34]. Note that
π¯∗ω0 is a semi-positive (1, 1)-form on M¯0, and π¯∗ϕ0 is a bounded π¯∗ω0-pluri-
subharmonic function on M¯0\π¯−1(S). We claim that π¯∗ϕ0 can be extended to
a bounded π¯∗ω0-pluri-subharmonic function ϕ¯0 on M¯0. Let {Uγ} be a family of
coordinate charts on M¯0 such that
⋃
γ Uγ = M¯0. For each Uγ , there is a smooth
pluri-subharmonic function vγ on Uγ such that π¯
∗ω0 =
√−1∂∂vγ , and, for any
Eα, there is a holomorphic function fγ,α with f
−1
γ,α(0) = Eα ∩ Uγ . Note that
log |fγ,α| is a pluri-subharmonic function, and Eα ∩Uγ is a pluripolar set. Since
vγ + π¯
∗ϕ0 is a bounded pluri-subharmonic function on Uγ\Eα, π¯∗ϕ0 can be
extended uniquely to a function ϕ¯0,γ such that vγ + ϕ¯0,γ is a pluri-subharmonic
function on Uγ by Theorem 5.24 in [20]. By the uniqueness, there is a π¯
∗ω0-
pluri-subharmonic function ϕ¯0 on M¯0 satisfying that ϕ¯0|Uγ = ϕ¯0,γ .
Now we prove that ϕ¯0 ∈ L∞(M¯0). From the proof of Theorem 5.23 in [20],
(vγ + ϕ¯0,γ)(x) = ν
∗(x) = lim
ǫ→0
sup
B(x,ǫ)
ν, where ν(x) = sup
δ
νδ(x), νδ = vγ + π¯
∗ϕ0+
δ log |fγ,α| on Uγ\Eα, and νδ ≡ −∞ on Uγ ∩ Eα. By assuming |fγ,α| < 1,
we have ν = vγ + π¯
∗ϕ0 on Uγ\Eα, and ν ≡ −∞ on Uγ ∩ Eα. Thus C1 <
infUγ\Eα(vγ + π¯
∗ϕ0) ≤ vγ + ϕ¯0,γ ≤ supUγ\Eα(vγ + π¯∗ϕ0) < C2, and ϕ¯0 ∈
L∞(M¯0). Thus (π¯∗ω0 +
√−1∂∂ϕ¯0)n is a probability measure (c.f. [7]), and
(π¯∗ω0 +
√−1∂∂ϕ¯0)n = (−1)
n2
2
V0 π¯
∗Ω0 ∧ π¯∗Ω0 on M¯0\π¯−1(S).
Now we prove that ϕ¯0 is the unique solution of
(π¯∗ω0 +
√−1∂∂ϕ¯0)n = (−1)
n2
2
V0 π¯
∗Ω0 ∧ π¯∗Ω0.(5.7)
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By Lemma 6.4 in [22], there is a function f ∈ L1+ε((π¯∗ω0)n), for an ε > 0,
such that dµ = f(π¯∗ω0)n, where dµ =
(−1)n
2
2
V0 π¯
∗Ω0 ∧ π¯∗Ω0. Note that, for any
smooth function χ ≥ 0 on M¯0,
0 ≤ lim
σ→0
∫
π¯−1(Bg0 (S,σ))
χdµ ≤ C lim
σ→0
∫
π¯−1(Bg0 (S,σ))
f(π¯∗ω0)n
≤ C lim
σ→0
Volg0(Bg0(S, σ))
ε
1+ε = 0,
where Bg0(S, σ) = {x ∈M0|dg0(x, S) < σ}. Hence∫
M¯0
χdµ = lim
σ→0
(∫
M¯0\π¯−1(Bg0 (S,σ))
χdµ+
∫
π¯−1(Bg0(S,σ))
χdµ
)
=
∫
M¯0\π¯−1(S)
χdµ =
∫
M¯0\π¯−1(S)
χ(π¯∗ω0+
√−1∂∂ϕ¯0)n ≤
∫
M¯0
χ(π¯∗ω0+
√−1∂∂ϕ¯0)n.
Hence dµ ≤ (π¯∗ω0 +
√−1∂∂ϕ¯0)n on M0 in the distribution sense. Since∫
M¯0
(π¯∗ω0 +
√−1∂∂ϕ¯0)n =
∫
M¯0
π¯∗ωn0 = 1 =
∫
M¯0
dµ,
we obtain
(−1)n22
V0 π¯
∗Ω0 ∧ π¯∗Ω0 = dµ = (π¯∗ω0 +
√−1∂∂ϕ¯0)n(5.8)
in the distribution sense. From the following theorem, ϕ¯0 is the unique solution
of (5.8).
Theorem 5.2 (Proposition 1.4 and Proposition 3.1 in [22]) Let ω be a
semi-positive (1, 1)-form on a compact Ka¨hler n-manifold X, and f ∈ L1+ε(ωn),
ε > 0. Then there is a unique function ϕ ∈ L∞(X) such that
(ω +
√−1∂∂ϕ)n = fωn, sup
X
ϕ = 0.
Furthermore, from [22], ϕ¯0 is a continues function, and ϕ0 can be extended
to a continues function on M0, denoted by ϕ0 also, such that ϕ¯0 = π¯
∗ϕ0. Then
ϕ0 is a solution of (5.5). By the uniqueness of the solution of (5.5), ϕ0 = ϕˆ0,
and F ∗Ki,kϕtk C
∞-converges to a smooth function ϕˆ0 on Ki, i.e. we do not need
to take a subsequence of F ∗Ki,kϕtk . We obtain the first part of the theorem.
It remains to show the uniform diameter bound. Note that, by Lemma 5.2,
there are C′, C′K > 0 independent of t such that C
′gt ≤ g˜t ≤ (C′K)−1gt on K.
Then there is 0 < r ≤ 1 independent of t such that Bgt(pt, C′Kr) ⊂ Bg˜t(pt, r) ⊂
K ⊂⊂M\S for certain pt ∈ K ∩Mt. Thus
Volg˜t(Bg˜t(pt, r)) ≥ Volg˜t(Bgt(pt, C′Kr)) ≥ (C′)nVolgt(Bgt(pt, C′Kr)) > C
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for a constant C > 0 independent of t. Thus
Volg˜t(Bg˜t(pt, 1)) ≥ C, and diamg˜t(Mt) < C¯ <∞
by Lemma 3.2 and the same arguments as in the proof of Theorem 3.1. ✷
By (5.6), and Gromov’s precompactness theorem (c.f. [28]), for any tk → 0
with {tk} ⊂ Λ, by passing to a subsequence, {(M, g˜tk)} converges to a compact
length metric space (Y, dY ) in the Gromov-Hausdorff topology. By the same
arguments in the proof of Lemma 4.1, we obtain an embedding f : (M0\S, g˜0)→
(Y, dY ), which is a local isometry.
Conjecture 5.1 There is a homeomorphism f˜ : M0 → Y such that f˜ |M0\S =
f .
Remark: If n = 2, this conjecture is true by the same arguments as in Section
4, since M0 is a K3 orbifold. ✷
For conifold singularity, locally Mt = {π(z) = z20 + · · · + z2n = t} ⊂ Cn+1,
take p(z) = (z1, · · · , zn), f = z0. condition (5.2) can be verified directly, there-
fore, we have a direct proof of corollary 1.2.
Direct proof of Corollary 1.2: M0 has only finite many ordinary double
points as singular points. Since the local smoothing of an ordinary double point
is unique, when xα ∈ S is an ordinary double point, by possibly taking Uα
smaller at the beginning, there is coordinate z = (z0, · · · , zn) on the neighbor-
hood Uα of xα such that xα = (0, · · · , 0), and π(z) = z20 + · · ·+ z2n.∫
Uα∩Mt
|fα|−2cdµt =
∫
p(Uα∩Mt)
|fα|−2(1+c)dµCn ≤
∫
B1
dµCn
|t− (z21 + · · ·+ z2n)|1+c
It is straightforward to verify that this integral is bounded independent of t ∈ ∆.
∫
B1
dµCn
|t− (z21 + · · ·+ z2n)|1+c
=
∫
B 1√
|t|
|t|n−1−cdµCn
|1− (z21 + · · ·+ z2n)|1+c
≤
(∫
BR
+
n∑
i=1
∫
Di
)
|t|n−1−cdµCn
|1− (z21 + · · ·+ z2n)|1+c
= I0 +
n∑
i=1
Ii
where Di = {z′ ∈ B 1√
|t|
\BR : n|zi| ≥ |z′|}. Clearly, I0 ≤ C. On Di, change the
coordinate from z′ = (zi, z′i) to (z0, z
′
i) by π(z) = 1, we get |z0|2 ≤ 1 + |z′|2 ≤
1 + 1/t. For c > 0 small,
Ii ≤
∫
B 1√
|t|
|t|n−1−cdµ(z0)dµ(z′i)
|z0|2cmax(R2, |z′|2) ≤ |t|
n−1−c
∫
B 2√
|t|
dµ(z0)
|z0|2c
∫
B 1√
|t|
dµ(z′i)
max(R2, |z′i|2)
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≤ C|t|n−1−c|t|c−1|t|−(n−2) = C
This verifies the condition (5.2) for all t ∈ ∆. Then Theorem 5.1 implies the
Corollary 1.2. ✷
Proof of Theorem 1.2: It is straightforward to see that under the condition
(1.1) for Λ = ∆, proposition 5.1 can be proved with the condition (5.2) satisfied
for all t ∈ ∆. Then Theorem 5.1 implies the Theorem 1.2. ✷
Lemma 5.3 If M is locally homogeneous, proposition 5.1 can be strengthened
so that there exists c1, C2 > 0 such that for c ∈ [0, c1],∫
Uα∩M∆(σ)
dµ
|fα|2c ≤ C2|∆(σ)|.
Then for any ǫ > 0 and c ∈ [0, c1], there is C1 > 0 such that Λ = Λ(c, C1)
satisfies |Λ ∩ ∆(σ)| ≥ (1 − ǫ)|∆(σ)| for σ > 0 small. In particular, 0 is an
accumulating point of Λ.
Proof: When M is locally homogeneous, by possibly taking Uα smaller at the
beginning, Theorem 3.2 can be applied to M = Uα and ψ = fα to show that
there exists c1, C2 > 0 such that for c ∈ [0, c1],∫
∆(σ)
dµC
∫
Uα∩Mt
dµt
|fα|2c =
∫
Uα∩M∆(σ)
dµ
|fα|2c ≤ C2|∆(σ)|.
According to the definition of Λ,
C1|∆(σ) \ Λ| ≤
∫
∆(σ)
dµC
∫
Uα∩Mt
dµt
|fα|2c ≤ C2|∆(σ)|.
Hence, it is sufficient to take C1 = C2/ǫ. ✷
Proof of Theorem 1.3: By Lemma 5.3, 0 is an accumulating point of Λ, there
exists sequence tk → 0 in Λ. Then Theorem 5.1 implies the Theorem 1.3. ✷
Lemma 5.4 If (M, π)satisfies the condition (1.2), proposition 5.1 can be strength-
ened so that there exists c1, C1 > 0 such that for c ∈ [0, c1] and t ∈ ∆,∫
Uα∩Mt
dµt
|fα|2c ≤ C1.
In another word, Λ = Λc,C1 = ∆.
Proof: When (M, π)satisfies the condition (1.2), by possibly taking Uα smaller
at the beginning, Theorem 3.2 and Proposition 3.3 can be applied to M = Uα
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and ψ = fα to show that there exists c1, C1 > 0 such that for c ∈ [0, c1] and
t ∈ ∆, ∫
Uα∩Mt
dµt
|fα|2c ≤ C1.
According to the definition of Λ, this means Λ = Λc,C1 = ∆. ✷
Proof of Theorem 1.4: Lemma 5.4 and Theorem 5.1 implies the Theorem
1.4. ✷
Proof of Corollary 1.3: Note that
V olg˜t(Mt) =
1
n!
∫
Mt
ω˜nt =
(−1)n22
n!Vt
∫
Mt
Ωt ∧ Ωt
converges to
(−1)n22
n!V0
∫
M0\S
Ω0 ∧ Ω0 = V olg˜0(M0\S),
when t→ 0. By (5.6) and Bishop-Gromov comparison theorem, we obtain that,
for any metric ball Bg˜t(r), t 6= 0,
V olg˜t(Bg˜t(r)) ≥
V olg˜t(M)
diam2ng˜t (M)
r2n ≥ Cr2n,(5.9)
where C is a constant independent of t. Since dimH S < 2n, V olg˜0(M0\S) =
H2n(M0). We obtain the conclusion from Theorem 4.1, Theorem 1.3 and The-
orem 1.2. ✷
6 Collapsing of a Calabi-Yau threefold
The purpose of this section is to prove Theorem 1.5.
Proof of Theorem 1.5: Let Wi = CP
2 × C, i = 1, 2, and W = W0 ∪ W1
by identifying ([x0, y0, z0], u0) ∈ W0 with ([x1, y1, z1], u1) ∈ W1 if and only
if u0u1 = 1, u
4
0x1 = x0, u
6
0y1 = y0 and z1 = z0. Note that CP
1 = C ∪
C by identifying u0 ∈ C with u1 ∈ C if and only if u0u1 = 1. There is a
holomorphic map Ψ : W → CP1 given by Ψ : ([xi, yi, zi], ui) 7→ ui. For a
point τ = (τ1, · · · , τ8, σ1, · · · , σ12) ∈ R20, define g(u) =
∏8
ν=1(u − τν), and
h(u) =
∏12
ν=1(u− σν). Let Xτ be the algebraic surface given by
f0 = y
2
0z0 − 4x30 + g(u0)x0z20 + h(u0)z30 = 0, and
f1 = y
2
1z1 − 4x31 + u81g(u−11 )x1z21 + u121 h(u−11 )z31 = 0.
47
By Section 5 in [37], (Xτ ,Ψ|Xτ ) is an elliptic K3 surface, and there is a holo-
morphic section σ : CP1 → Xτ given by u0 7→ ([0, u60, 0], u0) ∈ W0 and
u1 7→ ([0, 1, 0], u1) ∈ W1. Note that conjugate maps ι1 : Wi → Wi given by
([xi, yi, zi], ui) 7→ ([x¯i, y¯i, z¯i], u¯i), and ι2 : C → C given by ui 7→ u¯i preserve
Xτ , Ψ and σ. Hence ι = (ι1, ι2) induces an anti-holomorphic involution on
(Xτ ,Ψ|Xτ ). We denote I the complex structure of Xτ . There is a holomorphic
volume form
ΩI = du0 ∧ (z0dx0 − x0dz0)/∂y0f0 = du1 ∧ (z1dx1 − x1dz1)/∂y1f1,
on Xτ , which satisfies that ι
∗
1ΩI = ΩI (c.f. Section 5 in [37]).
Lemma 6.1 There is a sequence of Ricci-flat Ka¨hler forms ωk on Xτ such that
ι∗1ωk = −ωk, 2ω2k = ΩI ∧ ΩI and, for any y ∈ CP1,
ǫk =
∫
Ψ|−1Xτ (y)
ωk → 0,
when k →∞.
Proof: Note that H2(Wi,R) ∼= H2(CP2,R), H1(W0 ∩W1,R) ∼= H1(C∗,R),
and they are generated by the Fubini-Study metric ωFS on CP
2 and Imdzz on
C∗ = C\{0} respectively. Thus ι∗1 : Hj(Wi,R) → Hj(Wi,R), j = 1, 2, is
ι∗1γ = −γ, for any γ ∈ Hj(Wi,R). By Mayer-Vietoris exact sequence, the
following diagram commutes
→ H1(W0∩W1,R) h1→ H2(W,R) h2→ H2(W0,R)⊕H2(W1,R) h3→ H2(W0∩W1,R)
ι∗1 = −id ↓ ι∗1 ↓ ι∗1 = −id ↓ ι∗1 ↓
→ H1(W0∩W1,R) h1→ H2(W,R) h2→ H2(W0,R)⊕H2(W1,R) h3→ H2(W0∩W1,R).
Thus we have that ι∗1 : H
2(W,R) → H2(W,R) is given by ι∗1 = −id. Note
that H1(Wi,R) = {0}, and h3([ω0], [ω1]) = [ω0 − ω1]. Thus, Imh2 = Kerh3 =
R · ([ωFS ], [ωFS ]), h1 is injective, and H2(W,R) ∼= Imh1 ⊕ Imh2 ∼= R2 . As
W admits Ka¨hler metrics, we have 2 = dimH2(W,R) = 2h2,0 + h1,1. Thus
h2,0 = 0, and H2(W,R) = H1,1(W,R). Furthermore, we have two generators
of H1,1(W,R), α = [Ψ∗ω′FS], where ω
′
FS is the Fubini-Study metric on CP
1,
and β, which satisfies that, for any y ∈ CP1, i∗yβ = [ωFS ] ∈ H2(CP2,R) where
iy : CP
2 = Ψ−1(y) →֒ W is the inclusion. Since Ψ∗ω′FS is a semi-positive form,
the Ka¨hler cone of W is KW = {aα+ bβ|b > 0, a > k0b} for a constant k0. By
α2 = 0,
Cαβ = 〈α∧β, [Xτ ]〉 = 〈α∧(2k0α+β), [Xτ ]〉 =
∫
Xτ
Ψ∗ω′FS∧ω′ =
∫
Xτ
|dΨ|Xτ |2ω′2 > 0,
where ω′ is a Ka¨hler form representing 2k0α+ β.
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If ωs are the Ka¨hler forms such that [ωs] = α + sβ, s ∈ (0, 12|k0| ], then we
have
µ(s) =
∫
Xτ
ω2s = 2sCαβ + s
2〈β2, [Xτ ]〉, and∫
Ψ|−1Xτ (y)
ωs = s〈β, [Ψ|−1Xτ (y)]〉 = s
∫
Ψ|−1Xτ (y)
ωFS .
If ω¯s = µ(s)
− 12ωs, then ι∗1[ω¯s] = −[ω¯s],∫
Xτ
ω¯2s = 1, and
∫
Ψ|−1Xτ (y)
ω¯s = µ(s)
− 12 s
∫
Ψ|−1Xτ (y)
ωFS → 0,(6.1)
when s → 0. Hence ι∗1[ω¯s|Xτ ] = −[ω¯s|Xτ ] in H1,1(Xτ ,R). Let sk → 0, and ωk
be the Ricci-flat Ka¨hler forms representing [ω¯sk |Xτ ]. By the uniqueness of the
Ricci-flat Ka¨hler form in a Ka¨hler class, we obtain that ι∗1ωk = −ωk. By (6.1),
and re-scaling ωk if necessary, we obtain the conclusion. ✷
Note that, for any k, (Xτ , ωk,ΩI) is a hyper-Ka¨hler manifold. By re-scaling
ΩI if necessary, ω
2
k = (ReΩI)
2 = (ImΩI)
2. By using hyper-Ka¨hler rotation, we
can find a new complex structure Jk with a holomorphic volume form
ΩJk = ImΩI +
√−1ωk, and a Ka¨hler form ωJk = ReΩI .
Since ι∗1ωJk = ωJk and ι
∗
1ΩJk = −ΩJk , ι1 is a holomorphic involution of (Xτ , Jk).
Let T 2k = C/(ǫ
− 12
k Z +
√−1ǫ 12k Z), and ι3 be the holomorphic involution on T 2k
given by z 7→ −z. The holomorphic involution ι = (ι1, ι3) on Xτ ×T 2k preserves
the Ka¨hler form ωˆk = ωJk +
√−1dz ∧ dz¯ and the holomorphic volume form
Ωˆk = ΩJk ∧ dz, i.e.
ι∗ωˆk = ωˆk, and ι∗Ωˆk = Ωˆk.
Hence (Xτ ×T 2k )/〈ι〉 is a Calabi-Yau orbifold with H2,0((Xτ ×T 2k )/〈ι〉) = 0, the
Ka¨hler form ωˆk (resp. the holomorphic volume form Ωˆk) induces an orbifold
Ka¨hler form ωˆk (resp. a holomorphic volume form Ωˆk) on (Xτ×T 2k )/〈ι〉, denoted
still by ωˆk and Ωˆk. For any k, let Mk be a crepant resolution of (Xτ × T 2k )/〈ι〉.
Note that the homeomorphism type of Mk is indpendent of k, however, the
complex structures on Mk are different for different k.
Now we follow the arguments in Section 5 of [37], and take (τ1, · · · , τ8, σ1, · · · , σ12)
satisfy that τλ 6= τν , τλ 6= σν , and σλ 6= σν , f(u) = g(u)
3
g(u)3−27h(u)2 has no multiple
pole, where g(u) =
∏8
ν=1(u − τν) and h(u) =
∏12
ν=1(u − σν). Then all singular
fibers of Ψ|Xτ : Xτ → CP1 are type I1 (c.f. Section 5 in [37]), which implies
that (Xτ ,Ψ|Xτ ) is an elliptic K3 surface with all singular fibers of type I1, and
a holomorphic section σ.
Let ωk be a sequence of Ricci-flat Ka¨hler forms on Xτ given in Lemma
1.5, and gˆk be the corresponding Ka¨hler metrics. By [30], a subsequence of
(Xτ , ǫkgˆk) converges to (CP
1, h) in the Gromov-Hausdorff topology, where h
is a singular Riemannian metric h on CP1 with 24 singular points {qi, i =
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1, · · · , 24}. Furthermore, Ψ|Xτ and σ are Hausdorff approximations from the
proof of Theorem 6.4 in [30]. Since ι∗1 gˆk = gˆk, Ψ|Xτ ◦ ι1 = ι2 ◦ Ψ|Xτ and
σ ◦ ι2 = ι1 ◦ σ, we obtain ι∗2h = h. Note that, under the hyperKa¨hler rotation,
for any k, gˆk is still a Ka¨hler metric corresponding to the complex structure
Jk, whose Ka¨hler form is ωJk . Thus (Xτ × T 2k , ǫk(gˆk + dz ⊗ dz)) converges to
(CP1 × S1, h + dθ2) in the Z2-equivariant Gromov-Hausdorff topology, where
S1 = R/Z, Z2 acts on Xτ × T 2k by the involution ι = (ι1, ι3), acts on CP1 × S1
by the involution ι′ = (ι1, ι4), and ι4 : S1 → S1 is given by θ 7→ −θ. If gˇk
(resp. hˇ) is the induced Ricci-flat orbifold Ka¨hler metrics on Xτ ×T 2k /〈ι〉 (resp.
CP
1×S1/〈ι′〉 ) by ǫk(gˆk+dz⊗dz) (resp. h+dθ2), then (Xτ×T 2k /〈ι〉, gˇk) converges
to (B, dB) in the Gromov-Hausdorff topology, where B = CP
1×S1/〈ι′〉, and dB
is the distance function induced by hˇ. Let Π be the union of the singularity set of
the orbifold B, and the image of {qi, i = 1, · · · , 24}×S1 under the quotient map
CP1 × S1 → B. We denote gB = hˇ|B\Π on B\Π. By [29], B is homeomorphic
to S3. By Corollary 1.1, for any k, we have a Ricci-flat Ka¨hler metric gk on Mk
such that
dGH((Xτ × T 2k /〈ι〉, gˇk), (Mk, gk)) <
1
k
.
We obtain the conclusion by the diagonal arguments. ✷
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